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Data driven parameter estimation
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Given a vector X of measurements
interested in estimating parameter vector µ

Statistical estimation assumes availability of f(X|µ)
In Bayesian approaches also availability of parameter prior h(µ)

Goal: Replace probability densities with data sampled from them
Produce parameter estimates based solely on data

Provides optimum or asymptotically optimum estimators    

<latexit sha1_base64="m4JoDNiyHQEr00bzMe3WVNDCUsE="></latexit>

Estimator ✓̂(X) : any deterministic function of X



Data driven Bayesian estimation
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<latexit sha1_base64="wWamjn2pzTYVmyIKYXNOxi1jXOI="></latexit>

For conditional 7(X|✓), prior ?(✓), and cost *(✓̂, ✓), define Average Cost

<latexit sha1_base64="ZvOOvQMoSgTHppv5eYO+VlKfadE="></latexit>

✓̂o(X) = argmin
U

E✓

⇥
*(U, ✓)|X] = argmin

U
E✓

⇥
*(U, ✓)7(X|✓)]

<latexit sha1_base64="7ufQP4A4doqA+VjMlH/SzY2Pr+E="></latexit>

✓̂o(X) = arg min
✓̂(X)

C (✓̂) = arg min
✓̂(X)

EX,✓

⇥
*
�
✓̂(X), ✓

�⇤

<latexit sha1_base64="erAPXiADb4oqjPJElVX4Eoz4+60="></latexit>

min
✓̂(X)

C (✓̂)

<latexit sha1_base64="g2IadOXaPZFY396eY//3PtlSnF8="></latexit>

C (✓̂) = EX,✓

⇥
*
�
✓̂(X), ✓

�⇤
=

ZZ
*
�
✓̂(X), ✓

�
7(X|✓)?(✓) dX d✓

~
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<latexit sha1_base64="dNetfPAvFAFqcdAORDi6dfdf1BI="></latexit>

Combine 7(X|✓), ?(✓) into equivalent 7(X, ✓) = 7(X|✓)?(✓)
<latexit sha1_base64="UFpx4pZFhIcXZ0RQ1alHbBxp3Sg="></latexit>

Data driven: Replace 7(X, ✓) with data
<latexit sha1_base64="5XVuS+xzGeDX0GU1ECsk8B0Q9uk="></latexit>

7(X, ✓) : (X1, ✓1), . . . , (Xn, ✓n) sampled simultaneously from 7(X, ✓)

Unknown f(X|µ), h(µ)

<latexit sha1_base64="y+MchWgxqNEc2euGDN9cu0Ri9/8="></latexit>

↵t = ↵t�1 � µr↵*
�
m(Xt,↵t�1), ✓t

�

= ↵t�1 � µ
�
J↵m(Xt,↵t�1)

�|rU*
�
m(Xt,↵t�1), ✓t

�

Stochastic Gradient Descent

<latexit sha1_base64="1aoTNhofqhwPr2S7BUxFL1nXjHc="></latexit>

Replace (approximate) ✓̂(X) with m(X,↵), ↵: network parameters

<latexit sha1_base64="gSdKtfd6vZDC+7Hd1uI6uNfJMwA="></latexit>

m(X,↵o) ⇡ ✓̂o(X)

<latexit sha1_base64="FXCJ1aKYz6mg6eIzgSioCpd0Jv8="></latexit>

C (↵) = EX,✓

⇥
*
�
m(X,↵), ✓

�⇤
) min

↵
EX,✓

⇥
*
�
m(X,↵), ✓

�⇤
) ↵o

C(N ,5) cost
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<latexit sha1_base64="T1x4dgHL7PpRJZXqwVWeR378Kjw="></latexit>

Ĉ (↵) =
1

n

nX

i=1

*
�
m(Xi,↵), ✓i

�
) min

↵
Ĉ (↵)

Gradient Descent
<latexit sha1_base64="mo2TmPzTU3A7+p5jXoMa++PtU4Q="></latexit>

↵t = ↵t�1 �
µ

n

nX

i=1

�
J↵m(Xi,↵t�1)

�|rU*
�
m(Xi,↵t�1), ✓i

�

Known f(X|µ), unknown h(µ) <latexit sha1_base64="IcgPNf2ASDGn9o/hlwTFB8/T43E="></latexit>

?(✓) : ✓1, . . . , ✓n
<latexit sha1_base64="ZvOOvQMoSgTHppv5eYO+VlKfadE="></latexit>

✓̂o(X) = argmin
U

E✓

⇥
*(U, ✓)|X] = argmin

U
E✓

⇥
*(U, ✓)7(X|✓)]

<latexit sha1_base64="+SWuPQpKh0UBbtAV45GgpfVs2ho="></latexit>

Ut = Ut�1 � µrU*
�
Ut�1, ✓t

�
7(X|✓t) SGD

<latexit sha1_base64="36o/mSjWLiL5igR07D/jOtp1Xjs="></latexit>

Ut = Ut�1 �
µ

n

nX

i=1

rU*
�
Ut�1, ✓i

�
7(X|✓i) GD

For given X
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Examples
<latexit sha1_base64="CB2WYlFvcez5OHs6emyg3jjh2ls="></latexit>

*(U, ✓) = kU � ✓k2 MMSE
<latexit sha1_base64="v8cxqSNYBEhiN2bREVbFx7k6R8k="></latexit>

✓̂MMSE(X) =

Pn
i=1 ✓i7(X|✓i)Pn
i=1 7(X|✓i)

<latexit sha1_base64="iG6EEu0jauFFUbhrNUCdvaWgIzQ="></latexit>

*(U, ✓) = kU � ✓kL1 MMAE
<latexit sha1_base64="MqvL7xUYSJ/daTmmd2gvdqFoh2U="></latexit>

✓̂MMAE(X) = ✓[io]
<latexit sha1_base64="jeSEAZkOVsWJD7At4JZIDVr5NiA="></latexit>

✓[1]  ✓[2]  · · ·  ✓[n]
<latexit sha1_base64="V8NaepJWMy0G0bQoNcHFbCtI8TU="></latexit>

io = arg

(
7(X|✓[1]) + · · ·+ 7(X|✓[io])  7(X|✓[io+1]) + · · ·+ 7(X|✓[n])
7(X|✓[1]) + · · ·+ 7(X|✓[io+1]) > 7(X|✓[io+2]) + · · ·+ 7(X|✓[n])

None of the previous methods is applicable in the case of MAP

min ZIU-Ff(X(0)
->

I (- 2)f(x(0) =0 ->



Data driven non-Bayesian estimation
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Non-Bayesian estimation monopolized by MLE

For parametric density f(X|µ) we are given X1,...,Xn generated by same µ
<latexit sha1_base64="CoQSwhZv0RR9vw+Bgl7JZdMZFbc="></latexit>

✓̂MLE(X) = argmax
✓

nX

i=1

log 7(Xi|✓)

Asymptotically optimum:   Approaches CRLB as  n!1
Estimate obtained by combining data and conditional density!

Cannot replace density with data

For a data-driven version we propose an indirect definition of f(X|µ)
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Start with Z ~ h(Z)

Consider deterministic parametric transformation T(Z,µ)

Apply transformation on Z to generate   X = T(Z,µ) then X ~ f(X|µ)

Goal: Estimate transformation parameters µ from available data

<latexit sha1_base64="Ls/gop4oib3sSS9naeNPKHDk5dU="></latexit>

h(Z, ✓) : Known functional form, unknown parameters ✓

?(Z) : Unknown, instead Z1, . . . , Zm

7(X|✓) : Unknown, instead X1, . . . , Xn for the same ✓

We do not have correspondence   Xi = T(Zi,µ)

The two datasets {Z1,...,Zm}, {X1,...,Xn} are sampled independently

-
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<latexit sha1_base64="BXEqJx0vz+ozM/Jh5CshhPkNFk0="></latexit>

h(Z, ✓) = Z + ✓

h(Z,⇥) = ⇥Z
<latexit sha1_base64="0cMjIBJTMpOmMUFbvYDcHzj9XnU="></latexit>

h(Z, ✓) can be nonlinear
<latexit sha1_base64="U6cXOwKRW1wrO3Ywdybn9+Z+G50="></latexit>

h(Z) can be completely unknown. In this case we approximate with
neural network h(Z) ⇡ h(Z, ✓)
Problem: Transform set {Z1,...,Zm} into {Y1,...,Ym} with Yi = T(Zi,µ). Compute 
parameters µ so that {Y1,...,Ym} exhibits same statistical behavior as {X1,...,Xn}

Moment Matching
<latexit sha1_base64="GdLT7ZmMd758ITKCC5J3hl2u3Mg="></latexit>

1

m

mX

i=1

�
h(Zi, ✓)

�s ⇡ 1

n

nX

j=1

�
Xj

�s
, s = s1, s2, . . .

Notoriously non-robust

-
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Density Matching
Problem: Compute parameters µ so that {Y1,...,Ym} with Yi = T(Zi,µ) have the
same density as {X1,...,Xn}

Similar to the design of Generative Adversarial Networks (GANs)
For Z ~ h(Z) design generator G(Z) such that Y = G(Z) follows density f(.)

<latexit sha1_base64="kyCg29ZlyQmRfe4R4zoIVK4PxjY="></latexit>

.(X) 2 (0, 1) is known as the “Discriminator”
<latexit sha1_base64="2He92jVOnVI2R/DbjF8JPBWLxy8="></latexit>

Here :(Z) h(Z, ✓) and .(X) .(X,#)
<latexit sha1_base64="8VgXnaGyWdtXnay5BlhVFR74fG0="></latexit>

min
✓

max
#

⇢
1

n

nX

i=1

log
�
1� .(Xi,#)

�
+

1

m

mX

j=1

log
⇣

.
�
h(Zj , ✓)

�⌘�
) ✓̂o

Adversarial

<latexit sha1_base64="jqrmASKUpfG/ktgqqoNXaNe4Q4c="></latexit>

min
:(Z)

max
.(X)

n
E7
⇥
log

�
1� .(X)

�⇤
+ E?

h
log

⇣
.
�
:(Z)

�⌘io
) Y = :(Z) ⇠ 7(·)

min max EEf(@(DM)] + En[4(D(GAT)] - more general version

·
minma(D(i)+P (D(T(,) ,5))3= E
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Maximal Correlation
<latexit sha1_base64="YmAbrv2bS4b0YM2mkDCub0BzLew="></latexit>

If E(X,Y ) positive definite kernel then
<latexit sha1_base64="duSmK4o/x+BDdHVsgC6q7leMwHQ="></latexit>

max
:(Z)

⇣
E7,?

⇥
E
�
X,:(Z)

�⇤⌘2

E?,?
⇥
E
�
:(Z1),:(Z2)

�⇤ ) Y = :(Z) ⇠ 7(·)
<latexit sha1_base64="tEdxKNOd3tZt6XJw9sbyl5lCztc="></latexit>

where Z1, Z2 independent following both ?(Z)

<latexit sha1_base64="EIoOtr75DXTxP7cnQT7AOX3lOos="></latexit>

Here :(Z) h(Z, ✓)
<latexit sha1_base64="VzOoDQQOJ2P7EWutEiAoF70mwSM="></latexit>

max
✓

⇣Pn
i=1

Pm
j=1

⇥
E
�
Xi,h(Zj , ✓)

�⌘2

Pm
j=1

Pm
j0=1

j 6=j0
E
�
h(Zj , ✓),h(Zj0 , ✓)

�
·



Examples

11

<latexit sha1_base64="bPtFhK4Ilj70/xbqjS9AT2g0BYU="></latexit>

Let ?0(z) zero mean. Define ?(z) = ?0(z � µ), 7(x|✓) = ?(x� ✓)
<latexit sha1_base64="KmCyV9StEftH/9i3N7nt0NsuMbw="></latexit>

?0(z), µ, ✓ unknown. We are given {z1, . . . , zm} ⇠ ?(z) and
<latexit sha1_base64="Qb2FF5YuCnFvFHCiFhgqJtHL1Zo="></latexit>

{x1, . . . , xn} ⇠ 7(x|✓). Estimate ✓

<latexit sha1_base64="lzbqbcVnsfvgadQ/fs9YyNnmKXI="></latexit>

Moment matching: 1
n

Pn
i=1 xi � 1

m

Pm
j=1 zj

<latexit sha1_base64="qeXvAjRxBIKS0CQthuEbgYB3jl0="></latexit>

'(w) =

⇢
w2, |w|  c

2c|w|� c2, |w| � c

<latexit sha1_base64="PeHvV3FQcYf3q8bcU27ZPJng2M4="></latexit>

Huber estimator: argmin
v

Pn
i=1 '(xi � v)� argmin

µ

Pn
i=1 '(xi � µ)

<latexit sha1_base64="PgOptOEp0/aKEK15YO8k8ANu6RM="></latexit>

MLE: argmax
v

Pn
i=1 log ?0(xi � v)� argmax

µ

Pm
j=1 log ?0(zj � µ)

<latexit sha1_base64="gvWjY92I57aDSIyttF0cSQ+lcCY="></latexit>

Maximal correlation: E(x, y) = e�
1
h |x�y|
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<latexit sha1_base64="6vGgZbolGqhO/gSTm5ExDvXByaM="></latexit>

Estimation error power for n = m = 100 and ✓ = µ = 1

<latexit sha1_base64="SGeNTgUA8HM3MOXShcBCSylHTgo="></latexit>

Gaussian Laplace Cauchy
CRLB 0.010 0.020 0.040
MLE 0.010 0.021 0.043
Moment Matching 0.012/0.010 0.021/0.025 1/1 Data-driven
Robust 0.028 0.045 0.053 Data-driven
Maximal Correlation 0.014 0.027 0.055 Data-driven

95% of Gaussian

h = 2median{|xi|}

<latexit sha1_base64="lRf2IfZ8Ru9jwVL1AdwwujdMEAs="></latexit>

Gaussian Laplace Cauchy
CRLB 0.020 0.020 0.040
MLE 0.020 0.023 0.041
Moment Matching 0.020 0.040 1 Data-driven
Huber Estimator 0.021 0.029 0.073 Data-driven
Maximal Correlation 0.022 0.025 0.045 Data-driven

<latexit sha1_base64="6vGgZbolGqhO/gSTm5ExDvXByaM="></latexit>

Estimation error power for n = m = 100 and ✓ = µ = 1

<latexit sha1_base64="13MWN5Se/9hduIwTflUUEy+TX9k="></latexit>

Let ?0(z) zero mean. Define ?(z) = µ?0(µz), 7(x|✓) = ✓?(✓x). Estimate ✓
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<latexit sha1_base64="99KVBQdC8g85N9hSxhH9vQA5Z5g="></latexit>

max
✓

⇣Pn
i=1

Pm
j=1

Pl
k=1 E

�
Xi,h(Zj , ✓) +Wk

�⌘2

Pm
j=1

Pl
k=1

Pm
j0=1

Pl
k0=1

j 6=j0, k 6=k0

E
�
h(Zj , ✓) +Wk,h(Zj0 , ✓) +Wk0

� ) ✓̂o

Extensions

Start with Z,W ~ h(Z,W) and generate   X = T(Z,W,µ) then X ~ f(X|µ)
Estimate  µ from {(Z1,W1),...,(Zm,Wm)}, {X1,...,Xn} 

If Z,W independent we can treat the “noisy” data case:   X = T(Z,µ) + W

We need: {Z1,...,Zm}, {W1,...,Wl}, {X1,...,Xn}

We can even here noise
o with peremeters that ca be estimated

in penceled withO


