DATA DRIVEN TECHNIQUES

Lecture 11
Data-Driven Decision Making
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Hypothesis Testing

Mathematical Formulation

For a random vector X we assume the following two hypotheses

HQZ XN]C()(X>, ]P(Ho)
Hi: X ~f(X), P(Hy)

For every X need to decide if it comes from Hy or H;
Decide using a Decision Function D(X) € {0, 1}

Would like to optimize D(X)

Plethora of applications in diverse scientific fields!!!



Bayesian Approach

Minimize decision error probability

min{B(D = 1[Ho)P(Ho) + P(D = 0[Hy)P(H) }

(0 2 P(H) _ ACOPHD) 2
fo(X) HZO P(H1)  fo(X)P(Ho) HZO
For w(r) strictly increasing
EP > _ AOP(H)
r(X) HZO 1 = w(r(X)) HZO w(l), r(X)= fo (X P(Ho)



Neyman-Pearson Approach

Ho: X ~ fo(X), 0)
Hi: X~ fl(X)v )
Maximize detection probability P(D = 1|H;)
subject to false alarm probability constraint P(D = 1|Hg) < «

(5 o)

For w(r) strictly increasing

Hq
=

w(r(X)) Hgon, P(w(r(X)) = ”‘HO) = r(X)= Eg;




Data Driven Approach

HQZ
H12

X ~
X ~

%

v

X7 X3
Xi X;

| Xgo% Sampled from f, }

1
X}

[ Sampled from f, }

o

T
no + N1

P(H;) ~

Design border to separate the two datasets

What is the best border ?

All X :

f1(X)P(Hy)
fo(X)P(Ho)

=1




Instead of a “border”, design a decision like function v(X)
| =1 when X from Hy
v(X) = { 1 when X from H;.

Use parametric family of functions u(X,0) and optimize 6 solving

/
no

J(0) = ! Z(—l—uXO )—FZ(l—qu )2

No + N1

/"

L =1

m@inJ(Q) = 6, = u(X,6,)

For every X to test decide as follows: u(X, 6,)

IAIVE
(-



Works “well”!l' Why??

Understanding using Asymptotic Analysis

No, N1 — 00,

ni

1+ Ty 12(1—U(X},9))2

no —l- 1 nog + N1 N Pt

P(Ho) IEO + P(H,)E; [(1 _ V(X))2]

m@m J(O) — mvln J(v)

By = u(X,0,) ~ vo(X)



f1(X)P(Hy)

3 = BlHEs | (14u(X)) + 0 (1-v0) | 0 = T

minimize for each X

r(X)—1 r—1 . .
X) = = X here — strictly increasin
VO( ) F(X) _|_ 1 w(r( ))7 W W(r) r_l_ 1 y g
H; H1
Test equivalent to Bayes: v, (X) = w(r(X)) % w(l) =0 =_u(X,0,) % 0

Ho . ) ... Ho
[ Equivalence in the limit

Consistency (with respect to the Bayes test)




memJ(H) _m|n{Z(1+ (X7 9))2+i(1—u(X1 6’))2}

= u(X,0,) "
mVinJ( V) = m| { (Ho)Eo [(1 + (X))2] + P(H1)E; [(1 —v(X))Ql}
= vo(X) = w(r(X))
Expect: u(X, 6,) ~ w(r(X))
Optimum Test: w (r(X)) Héw(l), Close to Optimum: u(X, 6,) Hé w(1)

Develop data driven methods for estimation of w(r(X)) for other w(r)

Consistent tests eventually prevail over inconsistent tests



Likelihood Ratio Estimation

Hq Hq Hq
(X) 21 = wi(r(X)) Zwi(l) = wa(r(X)) = wa(1)
Ho Ho Ho
H1 Hq H1
U(X,00) 21 # ui(X,01) Z wi(l) # ua(X,02) = wa(1)
Ho Ho Ho

For function w(r) can we define cost
J(v) = P(Ho)Eo [¢(v(X))] + P(H1)E; [ (v(X))]

sothat  minJ(v) = vo(X) = w(r(X)) ?
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Examples of functions

A: r)=reR likelihood ratio
w(r) " ( 5 ) Mean

o(z)=-1,2>0 = oéz)= % b(2) = —2 Square

B: w(r) =log(r) e R (log-likelihood ratio)

Exponential
,O(Z) _ —6_0'5Z — ¢(Z) _ 260'5Z, w(z) _ 26_0'52 P
r
C: w(r) = c 10,1 osterior probabilit
" £ O P P Y Cross
Entropy

p(2) = —1.2€[0.1] = oz) = —log(1 — 2), %(z) = —log(2)



Data Driven Implementation

J(v) = P(Ho)Eo [¢(v(X))] + P(H1)E; [ (v(X))]

) = {Zsb(u(X?,e)) ¥ Zw(uoﬁ,e))}

u(X,0,) ~w (
127 o) e Ad}“%
3(6) = = 30 0(u(xD.0) + - > w(u(x].0)
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Example: Classification Problem

From dataset MNIST isolate handwritten numerals 4 and 9

yud4 4y Q9999

Gray scale images 28 X 28 = 784 pixels. Design classifier using training
data. Examine performance using testing data.

Neural network 784 X 300 X 1

Mean square 80(1’): RelU, U1(X"91) # of parameters

Exponential g (z)= z, u,(X,0,) 235801

Cross entropy g (x)= sigmoid, u,(X,0,)




Training set: 5500 “4” and 5500 “9”. Testing set: 982 “4” and 1009 “9”

Hy Hi

u(X,01) =1, uz(X,02) 20, us(X,05)

{149 e
ARR

1

= AIIVE

0.25

0.2

0.15

0.1
Mean square

Average classification error

0.05 |-

Exponential Cross-Entropy

1 1 1 1 1 1 1 1 1
0 100 200 300 400 500 600 700 800 900 1000
Number of iterations



Detection in Time Series

More practically interesting case: Testing of time series { X, X, ,...,

X, }
The whole set of measurements under H, or H,
For testing we need likelihood ratio
fl(Xn, “ o ,Xl) _ fl(Xn‘Xn—la “ e ,Xl) fl(Xn—l‘Xn—Qa “ .. ,Xl) . fl(Xl)
fo(Xn,. ..., X1) fo(Xn|Xn_1,...,X1) fo(X,—

f1(X,,..., X f1(X,, f(X
When i.i.d. under each hypothesis 1 ) _ fil&) (X

fl(X;)) 2
Test to be used Z log ( 1 )> % 7
. ™



Interested in estimating w(r(X)) = w <

n)

{X7,..., X, } following Hg

We are given training data: _
{X{],..., X, } following H;

For each w(r) of interest, minimize corresponding J(6)

3O) = - > S(u(X%.0) + - > v(u(X.0))

u(X, 6) w(




?gg us (X, 63) )
r , u3(X, 03) = fl()O() 1’ HSe log(l—u;g(X,@g)
r+1 fo (X) T

(Cross Entropy)



Example: Testing i.i.d. sequences

X, length 10, f()(X) ~ N(O,[)

f1 (X) NN(\/ll—O[l---l]T,l.ZI)

Neural Network 10x20x 1 0.7
Training data ng = n; =100

Produce Ul(X, 6)1>, U2<X, 92), Ug(X, 93)

Testing for n =20 samples

e
o

Detection Probability
o o
EEN (@]

Mean Square

Exponential

Cross-Entropy

Optimum

ROC

320 log(ur (X, 61) )
20 . 0.2
D e U2(Xi,02) 3 % n
20 us(X;,03) H 01}
2 _i—1108 (1—SU3(X,L-,393)) ) O

100000 x 20 realizations from Hy and from H;

0.1

0.2 0.3 0.4 0.5 0.6 0.7
False Alarm Probability

0.8

0.9

1



Markovian processes

Consider Markovian processes with “memory” m

fl(Xn’Xn—la <o 7X1) _ fl(Xn|Xn—17 c e 7Xn—m)
f0<Xn|Xn—17---aX1) fO(X’n|Xn—17"'7Xn—m)

(X, X1) (Xl X 1s s X)) (X1 [ Xy - -

fo( Xy X1)  fo(Xul X1, s Xnem)  fo(Xmat| Xm, - -

Can we estimate likelihood ratio of conditional densities?
a) Through data dynamics (classical)

b) Directly (proposed)

, X1)

, X1)
fo (X, ..oy X1)
fo(Xm,. .., X1)



Classical Approach

Most common model, Autoregressive
X, =A'X, 14+ A X+ W, i=0,1
Xt — Gi(Xt—la e 7Xt—m7 02) + Wt

Use training data {X7,..., X)) }and {Xj,..., X }tosolve

ng

iy (X{ - GiXi 1 X)) =
t=1

Wti — XZ; - Gi(XZ;—la -

Assume {W/} i.i.d. Gaussian N (0, ;)

Xi_ maez) 2j = fZWti(Wti)T



X; given {X;_1,...,X:_m} under hypothesis H;

Gaussian with mean G;(X;_1,..., X:_,,0) and covariance X;

Totest {X1,...,X,,}
Wi =Xy — Gi(Xe—1, ., Xem, 0))

fl (Xt‘Xt—la I 7Xt—m) 6_%(Wt1)T21_1Wt1 ‘ZO‘

fo(Xe| Xe—1, ..., Xi—m)  e—s(WHTST WP\ 3]

Not purely data driven
Gaussian assumption arbitrary, not necessarily suitable for all data!



Proposed Approach

FUXX X f1 (X, Xe—1,.--, Xt—m)
|Og ( 1( t| t—T19 < t—m)) _ |Og f1(Xt—1,-- . Xt—m)

fo( X, Xe—1,...,.X¢—m
fo(Xe| Xe—1,. 0y Xiem) O]SO(Eét tl = )ét : ) )

) g (o)




Example: Testing Markov sequences (proof of concept)

i =n,=500| 7

Optimum

Scalar observations {1, ..., z,} 1

wy ~ N(0,1), i.i.d.
Ho : 2 = wy
Hi:xp = sign(zi_1 )/ |ze—1| + wy |
us (s, xe_1,02) : 2 x 20 x 1

ui(xs, 601) @ 1 x 10 x 1 (Exponential)
Training data ng = ny = 100, 200, 500

0.9

0.8

o
o
1

Detection Probability
o (=}
H (¢,

o
w
T

Testing n = 20, I.e. {331, Ce ,5620}
?22 U2(37t7 LTt—1, 92) — Zig Ul(ﬂit, 91)

100000 x 20 samples from H() and H; % 01 02 03 04 05 06 07 08 09 1

False Alarm Probability

o
(V)

T oaf

= AIIVF




