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Design of Digital Linear-Phase FIR
Crossover Systems for Loudspeakers by
the Method of Vector Space Projections

Khalil C. Haddad, Henry Starksellow, IEEE and Nikolas P. GalatsanaSenior Member, IEEE

Abstract—A new technique for designing digital linear-phase Crossover system
FIR crossover systems for loudspeakers is proposed. The ap-
proach is based on the principle of vector space projections. We H{(w) Driver 1
describe the constraint sets and their projections that capture the
properties of the desired crossover filters. The proposed approach
is capable of designing crossover networks for multiple band- . ;
splitting as well as for equalization. Designs that demonstrate the Signal H,(w) P Driver 2
advantages and flexibility of this method are furnished.

:

:

Index Terms—Crossover systems, digital filter design, digi-
tal filters, equalization, FIR filters, linear phase, loudspeakers,
vector-space projections.

afo
I. INTRODUCTION
ROSSOVER networks are used in loudspeaker systems Fig. 1. M-way crossover/loudspeaker system.
[1], [2]. Since it is difficult to design a single loudspeaker

driver that accurately reproduces all audio frequencies,ciicuitry. Analog designs can only partially reduce these errors
high-quality loudspeaker must have two or more drivers (sé#ce the filters themselves also introduce some nonlinearities.
Fig. 1), where each is specifically designed to operate owf the present time, some manufacturers are introducing a
a portion of the audio spectrum. The function of a crossovéigital stage in their design based on DSP or VLSI chips.
network is to split the audio signal into adjacent frequendyqualizers and crossover systems based on FIR and IIR filters
bands that are appropriate for each driver. Typically, crossovae being implemented especially in high-end loudspeaker
systems are composed of a parallel combination of filtegystems. Digital systems can outperform their analog coun-
called analysisfilters. The frequency in the transition bandgerparts in the quality of sound produced since they can be
at which the filter gain equals that of an adjacent filter igrogrammed to perform at the level where the distortions
called thecrossoverfrequency. The sum of the filter respons€aused by loudspeakers are significantly reduced.
functions should be relatively constant everywhere, including Digital crossover networks are capable of splitting the signal
the transition bands. If this is not the case, irregularities suttho multiple frequency bands and compensate for amplitude
as peaks and dips in the crossover transition band are hediglortion without introducing undesirable amplification or
as undesirable colorings in the sound production. attenuation in the crossover bands. It is desirable that they
It is very desirable, among other things, to have an oveghjoy linear phase response (no phase distortion) and minimal
all loudspeaker/crossover system that produces astlahd overlap between bands. Moreover, using digital allpass IIR or
pressure level(SPL) near the listener for the entire audid-IR filters can negate excess phase distortion.
spectrum i.e., without amplitude and phase distortion. How-
ever, loudspeakers are passive electromechanical devices that, Il. DIGITAL CROSSOVERSYSTEM
unfortunately, due to their particular physical and electri- CHARACTERISTICS AND DESIGN

cal characteristics, introduce errors in amplitude, phase, angonsider first the case where the loudspeaker characteristics
crossover characteristics. Traditionally, engineers compensated jqeal (ie., flat SPL across the entire audio spectrum).
for these errors by designing crossover systems using angiQGnat case, an ideal crossover network will provide the
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where eachH;(w) is the transfer function of the compensate for the prescribed aberrations. The best we can do
crossover network, ang(w) = ¢;(w) = w(L — 1)/2 is to design a multilevel filter as
fori=1,---, M, whereL is the length of each of the

M individual filters; M1 ,
2) adequate steep cut-off rates of the individual filters — F(w) = > au|H(w —2mi/M)|VIE- L2 (5)
Hi(w); =0

3) good stopband attenuation for each filtéf;(w) to

prevent out of band signals from saturating and possibfj’€reé @: represents the level of each band. This may not
damaging the speakers. yleld satisfactory equalization.

The filter H(w) synthesized fromi; (w), as described in The disadvantages of crossover filter design by existing
methods can be overcome by design based on vector space

E?C)d ?IEZ?SS EIT v?/:frzslrilt ;)f tfpneeﬂziisscsre?;S;rig:;&(;r?ﬁtlgn;\f'\[ntaﬁ}(ojections. We review the principles of this technique below.
subband signals using the analysis filt&fgw), then we can
add the subband signals to get back a delayed replica of the
original signalz(n) with no distortion. WhenM = 2, the The vector space projection meth@dSPM) deals with the
design an SC pair can be done as follows: Lefr) be the problem of finding a mathematical object (for example, a
response of a linear-phase, lowpass filter of an odd leAgth signal, function, image, etc.) in a proper vector space that
Then, ha(n) = §(n — (L — 1)/2) — h1(n) is a highpass filter satisfies multiple constraints. When all the constraint sets
and is strictly complementary tb; (n). For an arbitraryd/, are convex and have amonempty intersectignthere exists
there exists a subclass of filters known &&h-band filters a powerful theory in finding the object that satisfies all the
or Nyquist (M) filters. For a fixedM, the impulse responseconstraints. This subset of VSPM is call@dojection onto

I1l. VSPM BACKGROUND

h(n) of such filters satisfies convex set¢POCS), which we describe below.
The theory of convex projections, developed by Bregman
c. n=0 [4] and Gubinet al. [5], was first applied to image processing
h(Mn) = {0: otherwise. () by Youla and Webb [6]. See [7] for a basic introduction to this
method. Additional introductory material and applications can
In other wordsh(n) is zero at multiples of\Z. It can be shown P€ found in [8]-[11]. Here, we provide only the basic idea.
[3] that if h(n) — H(w) with linear phase, then To begin with, assume that all the objects of interest are
elements of a Hilbert spac&. Now, consider a convex set
M—1 C C F; then, for anyz € F, the projectionP« of « onto C
F(w) = Z |H (w — 2mi /M)]e? 1E-1/2) is the element inC' closestto z. If C'is closed and convex,
o Pz exists and is uniquely determined kyand C from the
— MeedIE=11/2w _ Li([T—1]/2)w minimality criterion
(assuming: = 1/M). ©) ke = Pal| = min ||z — g]|. (6)

In words, F(w) is a multiband, linear-phase filter composed his rule, which assigns to evegy € 7 its nearest neighbor
of M uniformly SC analysis filters, which are frequencyl" €, defines the (in general) nonlinear projection operator
shifted versions off (w) with a magnitude that adds up tof: j’-"_—> C without amblgwty_. In this paper,_the norm operator
a constant. A disadvantage in usidgth-band filters as a |l - Il iS taken to be the Euclidean norm.dfis already inC,
crossover system is that all the passbands are equal, whicH'R = =T .
usually inappropriate for the spectrum range of different types 1 N€ basic idea of POCS is as follows: Every known property
of speakers (woofer, mid-range, and tweeter). To be able®b the unknownz & F will restrict z to lie in a closed
design a crossover system witmequal frequency bands CONVeX setC; in ‘H. Thus, for.m known properties, there
second level of a crossover filters will split a signal into tw@'® m closed convex setg;,¢ = 1,2,---,m andz €
or more Nyquist subbands. This technique allows a limitddo = M;Z; C;. Then, the problem is to find a point of
choice of crossover frequencies at the expense of increasfng given the sets’; and projection operators’; projecting
additional passband regions. onto C;,¢ = 1,2,---,m. The setCj is sometimes called the
When the loudspeaker characteristics are not ideal, thegjution sesince any element af, satisfies all the constraints
a crossover system should also incorporate equalization@d therefore represents a feasible solution. Often, but not
correct the speaker SPL aberration in addition to the abodvays, itis clear whether a solution & exists or not. When

characteristics, i.e., Cyp is empty, the user must decide which constraint set can
be enlarged at the lowest design cost. Based on fundamental
1 theorems given by Opial [12] and Gukghal.[5], the sequence
[H (w)| = L(w) for 0sws=m (4) {x;} generated by the recursion relation
Tpp1 = P Po1 - - Puay, k=0,1,--- (7)

where L(w) represents the speaker SPL as a function of
frequency. TheMth-band filters cannot easily be designed toonverges weakly to a poirfy.
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Fig. 3. Crossover filters magnitude response far/away system.
domain, these sets are

M
> Hi(w)
=1
argH;(w)] = pi(w) = w(L —1)/2

1 2 {’H: a(w) < < blw) and

Fig. 2. Trajectory of iteration in POCS with two sets. The é&t is the
solution region, andro is an arbitrary starting point. forl <i{< M andforw e (0,n) (8)
There are generalizations of (7) that often can increase M
the rate of convergence. However, a discussion of thdde. =< H: | > Hi(w)| < 8(w) for w € (wam—2,wam-1)
generalizations is tangential to the objective of this paper and, f;ﬁl
hence, will be omitted. For further details, see [7]. _
. ; . ; L form=1,---,M 9)
Fig. 2 shows a trajectory of the iterateg in an application
of POCS when two convex constraint sets are involved. A M
Csm =1 H: Z Hz(w) < (5((4)) forw € (CUmel,(UQm)
=1
IV. DESIGN OF LINEAR-PHASE i#m,m+1
CROSSOVERFILTERS USING VSPM form=1,---,M -1 (10)

The first step in implementing the VSPM algorithm is Quherew: i = 0.--- 2M — 1 are the break frequencies as
define the appropriate sets that capture the crossover analygis,n i:,]’ Fig. 3j the that, = 0 and thatwsy,_; = . In

filters properties. These sets are parameterized by the Coggition to the above sets, we define the following linear-phase
straints needed to specify the characteristics of the filters. L&nstraint set in the time domain:

us define hi(n)y=nh;(L—n—-1),fore=1,---,M
M M ) A ) and forn=0,1,---,L — 1
HGH‘R]\’ gEHR]\ as Hé(hlvh%"'vhlw) Ce =47 hi(n)=0,fori=1,---,Mandf0r

A A n=LL+1,---,N—-1
g= (.917927"'7gl\4)7 He< H= (Hl(w)v"'vHJW(w))

(12)
G G2 (Giw),. . GuWw)

In words, €7 is the set of allM-tuple, finite-length, se-

A M A M quences that imply a Fourier transform that satisfies (1)
S22 Giw)| and S5, 2|> Gi(w) with an error tolerance region of width(w) — a(w). The
i=1 fiﬁl sets Cy,,,m = 1,---, M are the sets that constrain the

magnitude-summed frequency responses of all subband filters,
where@;(w) = |Giled# ) for i = 1,2,---,M, andG is an except themth, to a level ofé in the passband of the:th
arbitrary M-tuple whose components agg,i = 1,---,M. filter. The setsCsp,,m = 1,.--,M — 1 are the sets of
In addition, “~" indicates Fourier pairs. Ideally, the VSPMmall M-tuple finite-length sequences with magnitude-summed
iterative algorithm should be implemented via the discretgtopband attenuation bounded dy/ta for different transition
time Fourier transform, and thereford, represents the size bands in the spectrum. The 8t is the set of all symmetrical
of the fast Fourier transform (FFTRY is the space of real sequences; i =1, ---, M that satisfies the crossover filter's
vectors with N components, and;,s = 1,---,M is the linear phase property and impulse response of ledgtihe
vector with the firstL components representing the impulsg€onvexity of C; is shown below. The convexity of the other
response of the filter controlling the frequency response in thgts can be established using similar arguments as for the sets
ith band. In parallel with (1) and taking into consideration thdefined in [7, pp. 225-228].
stopband attenuations, we define the following appropriate set&onvexity ofC;: Let 7 and ®' € Cf and pH + (1 —
for an M-way crossover system. Best defined in the frequengyH’ < (1 — p)H’. Then, for0 < <1, defineH 2 wH +
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(1 — p)H'. However,uH + (1 — )H' = pHi(w) + (1 —

P H (W), - pHpy(w) + (1 = p) Hy (w). We must show that
a(w) < |ZM, H;(w)] < b(w). Since the phases of all elements

are equal, the phase term can be factored out to yield

Y uHi(w) + (1~ wHj(w)

=1

= Z (plHi(w)| + (1 = wH{(w)]).  (12)

The term on the right-hand side is bounded from above

b(w) sincepub(w) + (1 — p)b(w) = b(w) and from below by
a(w) sincepa(w) + (1 — p)a(w) = a(w). Therefore,H € C7,
and C] is convex.

The next step is to find the projections onto these sets.
The projections are computed using the Lagrange multiplier
method and worked out in the Appendix. In this section, we

only furnish the results.
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where the components df* are

Gl(w) - ﬁ (Srn,rn-f—l(w) - 6((4)))6(’;(“)
forw € (wom—1,wam), ¢ Zm,m+1
and Sy, m41(w) > 6(w)
Hf(w) ={ Gi(w), forw e (wam 1,w2m),i=m,m+1
andS,, m41(w) > 6(w)
GZ‘(UJ), forw € (U.)in_l,(AJan)
and Sy, m41(w) < 6(w)
\ Gi(w)v for w ¢ (w2nl—17w2nl)

(15)
Projection ontoCy4: The projection of an arbitrarg{ -tuple
gyto Cy is H* = P,G, where
9i(n) + gi(L —n — 1)
.2
fori=1,---,M and forn =0,1,---,L — 1

fori=1,---, M and for
n=LL+1,---,N—1.

hi(n) =
0,

(16)
With the exception of sef’y, the projection onto all other

As pointed out in the Appendix, it is not necessary t§€ts are conveniently done in the frequency domain. Observe
compute the projections ontd, since all iterates are confinedthat each of the set€), Cop,m = 1,---, M, g, m =
to the subspace of functions with linear phase as a resultlof - -»# — 1 depends on the continuous frequency variable
projecting ontoC,. The other projections do not affect theSince the projections onto these sets are realized numerically,

phase. For this reason, we relax the constraintsCinby

the frequency rang@®, =) is partitioned onto a grid of discrete-

removing the linear phase constraint. The resulting set, whitgduency values commensurate with the of sixe with

we call C1, is the one that we deal with in what follows.

Projection ontoC;: The projection of an arbitrary/-tuple
GontoCy is H* = PG «— H™, where the components &f*
are

Gi(w) ~ 77(5() ~ b(w))er™
if S(w) > b(w)
Hi(w) = { Gi(w), if a(w) < S(w) < bw) (13)
Gi(w) + 17 (alw) — S(w))er™)
if S(w) < a(w)
Projection ontoCs,,,,m = 1,---, M: The projection of an

arbitrary M-tuple G onto Cs,,, is H* = P,,G «— H", where
the components off* are

_ e(w)
M_1 (Srn(w) 6((")))6
fOI’ w € (w2'rn—27 w?’nl—l)vi # m
andS,,(w) > §(w)

H:(w) = Gi((ﬂ), forw € (Win_Q,Win_l),i =1m.
andsS,,(w) > 6(w)
Gi(w), forw e (CUQ»rn_Q, CUQ»rn_l)
ands,,(w) < §(w)
| Gi(w), forw ¢ (wom—2,wam—1)
(14)
Projection ontoCs,,,,m = 1,---, M — 1. The projection

of an arbitraryM-tuple G onto Cs3,,, is H* = Ps,,G — H",

A = 2z/(N — 1). The discrete frequencies are given by
wn, =nAn =20,2---.N — 1. Now, consider a frequency
plane projector such &3 ; this projector furnishes a correction
at every frequency,, n =0, 1,---, N/2 (due to the symmetry
of G;(w) aroundw ¢ = 1,---,M projections need to be
performed only from 0 ter, which only cuts the computations
in half). If P;(w,) denotes the application of projectd at
wn, then the full action”; can be described by the composition
of single-frequency operatom, (wo) 1 (w1) - - - PL{wny2) OF

N/2

PIIUOPI(UJ”)

wherewy,, = =. It is the same with projector$’,,, m =
1,---,M and Ps,,,,,n = 1,---, M — 1; each of these can be
represented by a composition of single-frequency operators.

The projectorPy, which projects ontd’y, depends on the
discrete-time variable. If we denoteP,(n) as the application
of P, at specific timen, then the overall action aPy can be
written as a composition of specific-time operatdtign) n =
0,1,---,N — 1, i.e.,

N—-1
P4 = H P4(7’L)
n=0

For the special but important casd = 3, the VSPM
algorithm takes the form

(17)

(18)

Gr41 = PLPo1 Poy Pog Pay P PGy Go arbitrary (19)
where projectord?; , Po1, Poo, Po3, P31, P32 are compositions
of the form shown in (17). Each projection is called a step. A
new iteration cycle begins after seven steps.
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Initialization » =0
£ (convergence parameter)
Go = (2.8}, &3) (arbitrary) |
Pu(nd)
(:>_’, [Eq. (14) with @ = nA. m = 2] "i’kﬂ
n=20
Y @ no
P,(n) [Eq. (16)] n=n+l
A yes
no
yes > z’ )
n(na
n=0 [Eq. (14) with @ = nA, m = 1] ”'AE]
Y
o) ol g
[Eq. (15) with @ = nA. m = 2} ‘“ yes
7 n=40
$N no —
2
Y P(na) 1
p— [Eq. (13) with @ = nA, m = 1] ""'\”
A
P (na) 1 o
fEq. (15) with @ = nA, m=1]} n—‘r:+
yes
?
>N/ o
yes Convergence
test using ¢
- L'}'[hl - 5'[!"5 £
Y
Py(na)
[Eq. (14) with @ = nA. m=2]| L2 ‘AE 5
( Design complete ]
@ o
yes
Fig. 4. Flowchart showing the numerical realization of (19).
Fig. 4 is a flowchart of the algorithm fa¥/ = 3, i.e., three for ¢ = 1,2,3. In our design examples, we used =

crossover filters. Compositions of the projectors are realized by ¢. The crossover systems designed are for a three-way
loops. In practice, there is much room for optimization of theystem, i.e.,A/ = 3 in (1). In the first example, we assume
algorithm, which we do not show for simplicity. For examplethat the loudspeaker has a flat SPL over the entire audio
projecting ontoC»; requires modification of7;(w) ¢ = 1,2,3 spectrum and does not need to be equalized. The crossover
only over the band0,w,). Likewise, projecting ontoC,, system is designed for spectrum splitting only. The normalized
involves modification of7;(w) < = 1,2, 3 only over the band critical frequencies in both examples are chosen realistically

(we,ws), etc., for the others.

V. EXAMPLES AND NUMERICAL RESULTS
In both of the following two examples, we chosé

to accommodate a three-way system touge= 0.127,w, =
0.2, w3 = 0.4%, and wy = 0.48x.
In the second example, we hypothetically model the SPL of
the loudspeaker ab(w) = 140.15 c0s(0.035w),0 < w < 7;
= see the top part of Fig. 8. The crossover system is designed

512. The iterative procedure stops whiih?™! — B¥|| < ¢ for spectrum splitting as well as to equalize the SPL.
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Fig. 5. Frequency response for the crossover system for a three-way system.
Fig. 6. Plot of H(w).

Choice of the Design Parameter#s practical way to de-
sign the crossover filters is that we start by specifying the
valuesé(w), a(w), andb(w) for an acceptable deviation for a
given application and then look for the minimum filter order
realizing these specification (i.e., so that the intersection of all _,,
the constraint sets is not empty). Following this procedure, we
can easily pick the required filter order over a few runs of the
presented algorithm. The number of iteration cycles needed to ,
reach convergence decreases significantly when increasing £ %e
size of the intersection set.

0

1
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Example 1—Design Of Crossover Filter for Spectrum SpIitting

t
t
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1
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In this example, a linear-phase crossover system was de-
signed with lengthL = 65, a(w) = 1 — 10712 b(w) = 1 + BOFA-TH--TR -
10712, §(w) = 0.024. For the above values df, §(w), a(w),
andb(w), the intersection of all the constraint sets is not empty.
Fig. 5 shows the frequency response, and Fig. 6 shows thel00{{- - -
plot of H(w). The peak-to-peak deviation is negligible, and , | 1)
this leads to a near-perfect reconstruction, i.e., erroig)ot? o 02 0.4 06 08 1
the order of of the input signal. Thus, we may write NORMALIZED FREQUENCY (a/2)

3 o Fig. 7. Frequency response for the crossover system for a three-way system.
an—(L-1)/2)=>" > a(k)h(n—k). (20)

=1 k=-—oco frequency response, and Fig. 8 shows the plots(af) (top),

The proposed algorithm for this example converged after sofféw) (middle), and ofL(w)H (w) (bottom). The peak-to-peak

10000 iteration cycles (3 min on a 300-MHz Pentium p@eviation of L(w)H(w) as a result of equalization is small
using MATLAB). (about 0.1 dB). The proposed algorithm for this example

converged after about 23000 iteration cycles (7 min on a
300-MHz Pentium PC using MATLAB).

Example 2—Design of Crossover System for
Spectrum Splitting and Equalization

In this example, a linear-phase crossover system was VI. CONCLUDING REMARKS

designed with lengthL = 65,a(w) = (1/L(w)) — In this paper, a new and promising vector-space design
0.0023,b(w) = (1/L(w)) + 0.0023,6(w) = 0.024. For method for an important class of digital, linear-phase, FIR
these values of, §(w), a(w), andb(w), there is a nonempty filters was presented. The method has significant flexibility
intersection of all the constraints sets. Fig. 7 shows the that any number of constraints can be incorporated in the
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the linear phase constraints) can be eliminated. For the sake of

5
% ; ; ; l brevity, we have already applied this simplifying assumption
= ] ' in the definition ofCsy,,, and Cs,,.
% Assuming that all elements are confined to the subspace
= of functions of linear phase(w), to compute the projection
of an arbitrary M -tuple G onto C;, we write the Lagrange
functional as
% M M
¥ J(H’)\)IZ|H¢—G¢|2+)\<Z H; —§> (23)
;., : ' : =1 =1
S X : : : where, for simplicity of notation,H; = H;(w),G; =
0 02 04 06 08 1 Gi(w),¢ = £w),a = a(w), andb = b(w). We note that
3 T T T T since
— ) 1 1 1
= ' = |H;|?
S 0 g " ' ' M
= . : : . ile?| = e =3 |l
=01 L : . 1 i=1
&0 0.2 04 06 08 1
NORMALZED FREQUENCY (o/3) Let H; 2 AHg; + jHy; and G; 2 Gr; + jGri, where the
Fig. 8. Plot of the speaker SPL (upped(w) (middle), andH (w)L(w) Subscript prefixed? and I stand for “real” and “imaginary,”
(lower), in decibels. respectively. Thus, (23) is rewritten as
M

design without the need to find one-step analytical solutions. In H O\ — He — Q)2 (Hoo — G\
addition, vector space projections allow the design of arbitrary (H,A) = ; (Hri = Gri)” + (Hii = Gn))
M-way crossover systems as easily as a three-way system. M

+A Hi, + Hi)Y?—¢ (24)
APPENDIX <; (Hr 2

Projection ontoC;: Finding theAprO]ectlon of an arbitrary and computingdJ/dH gy, — 8J/0H . = 0 yields

(g1,--".9y) < (Gi,---,Gy) = G onto C; involves
finding the infinum (minimum) over all (hy,---,hy) < (Hri — Gra)

(Hy,---,Hyp) 2 Hin C; of the Lagrange functional

M M
A) = Z |Hi(w) - Gi(w)]* + )\0< > Hi(w)| -
; i=1 Multiplying (26) by j = v/—1 and adding (25) and (26) yields

+ Z <HRZ — COoS <%>w> (21) Hk e Gk _ geﬁf (27)

where Hg;(w) is the real component afl;(w), the first term where we see thatl;./|Hy| = ¢/%.

on the right-hand side measures the distance f@ro H, To find X, we consider the three cases
the second term is the imposition of the magnitude toleranfe’Z; Gi| > b,|Z¥, G;| < a, anda < [ZM, G| < b.
constraints, and the third term ensures that all the filters haveCase 1: [, G;| > b. For this case, the projection &
phasey(w) = w(L — 1)/2. Note thaté(w) is assigned the will lie on the upper boundary of';, and hence, the projection
value£(w) 2 b(w) if [SM Gi(w)] > blw), andé(w) 2 a(w) Will satisfy

if |2, Gi(w)| < alw).

The solution of (21) involves finding/ + 1 constraints
Ao, AL, e, )\M in addition to finding the projection variables
Hf(w),i = 1,---, M. While this is possibleijt is not neces-
sary, the reason belng that every iteration involves elemen
only from the subspace of functions with linear phase, where
the last is a consequence of projecting ofito The constraints
in C, imply the well-known linear-phase constraint. Hence,
every elementg,, --,g,,) — G will have the form

= (IG1(@)|/7) - |G (w)|/79). (22)

This allows the computation of the projection to be much
easier since the third term on the right-hand side of (21) (i.e.,

A
+ 5 (i, + Hi )™/ P Hpg =0 (25)

A
) (HTk_GTk)+§(H?2k+H?k)_(l/2)ka =0. (26)

(28)

Qen, from (27) and (28), we get

M
Ao
> (Gk - 5)

k=1

=b (29)

or, sinceGy = |Gile/?

i <|le - %)‘ =b. (30)

k=1
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Define S 2 SM, |Gx| > 0. Then, from (30)i* = (S — We obtain, as the projection
M) /2)? or, equivalently . S =6 .
Hi=Gy-22"2 v Lk#m
A\ S\A S22 M-1
<§> —2<M>§+W:0 (31) Hi =Gy k=m (40)
which yields the two roots where
AfA S—b N2 S+b M
I <2>1 5 and <2>2 % (32) s 2 Z al.
i=1
The first root yields the solution i7m
1 When S,,, < 6 or w ¢ (wop_2,w2m-—1), thenH* = G
Hy = G — 57(5 = b)e’” (33) since@ is already in the set.

Projection ontoCs,,,: Following the method of the pre-

whereas the second root yields vious two computations, we can write, by inspection for

1

The solution for H, in (33) and (34) both satisfy the set
membership constraints i.e.,

M
S H
k=1

and, hence, are elements of pointsCf. However, for root
r1, the distance frond7 to H is ||G— H|| = S —b, whereas for
rootrq, itis |G — H|| = S +b. Hence, onlyr; = (S —b)/M
yields the correct projection, which is (33) repeated as

(S +b)ei?. (34)

=b and argH] =¢ (35)

w € (w2nl—17w2nl)

where

Srn my T 6 1w
H;:IGk—WGJ(( k#m,m—i_l
H} =Gy, k=m,m+1 (41)
A M
Srn,rn+l = Z Gz .
i;ér:fr}l+l

When S, 41 < 6 OF w & (War—1,wom), then H* = G
sinceG is already in the set.

1 ' o : . .
Hy = Gi — —(S — 1)e’® k=1, M. (36) . Projection ontoCy: The Lagrange functional for this case
Case 2: |XM, G;| < a. For this case, the projection &f (L—1)/2 M ,
will lie on the lower boundary of; and, hence, the projection JHA) = Y > ((hi(m) — gi(m))
m=0 <¢=1

will satisfy |, H;| = a. Proceeding exactly as in Case 1,
we obtain

1 i
Hy =G+ 37(a= )’ k=1 M.

?

We solve forh! for « = 1,---,M by setting forn
(37) i
0,1, -

+ Ai(hi(m) — hi(L —m — 1))).

(L —1)/2: 9J/8Nh;(m)|men, = OJ/ON;(L — m —

Case 3: a < [9M, G;| < b. For this case, no correction is!)|m=n =0, and using the equatiorig(n) = hi(L —n — 1),

needed sinc&s is already in the set.
Projection ontoCs,,,: The Lagrange functional for this case

. *
is hi(n

M M
JH,N) =" |H -G+ Al |> H|-6

=1

(38)
(1]

_ .
Proceeding exactly as when we computed the projection
onto C, we obtain forw € (wa—2,wam—1) [

=1

i#Em

A
Hi =Gy~ 5%  k#m [4]

Hi =G, k=m.

(39) 5]

Using the constraints that
(6]

M M
> H;j|=6when| > Gi|>S 7]
i=1 i=1

i;zrn i;zrn

we get

g gL —n—1)
2

fori=1,2,---, M. (42)

REFERENCES

P. Garde, “All-pass crossover systemd,”Audio Eng. Socvol. 34, no.

11, p. 889, 1986.

P. S. Lipshitz and J. Vanderkooy, “In-phase crossover network design,”
J. Audio Eng. Sog¢wvol. 28, no. 9, p. 575, 1980.

3] F. Mintzer, “On half-band, third-band an¥th band FIR filters and their

design,”|IEEE Trans. Acoust., Speech, Signal Processing ASSP-30,
pp. 734-738, Oct. 1982.

L. M. Bregman, “Finding the common point of convex sets by the
method of successive projection®okl. Akad. Nauk. USSRol. 162,

no. 3, p. 487, 1965.

L. G. Gubin, B. T. Polyak, and E. V. Raik, “The method of projections
for finding the common point of convex setdJSSR Comput. Math.
Phys, vol. 7, no. 6, p. 1, 1967.

D. C. Youla and H. Webb, “Image reconstruction by the method of
projections onto convex sets—Part IEEE Trans. Med. Imag.vol.
M1-1, p. 95, 1982.

H. Stark and Y. YangVector space projection methods: A Numerical
Approach to Signal and Image Processing, Neural Nets and Optics
New York: Wiley, 1998.



3066

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 47, NO. 11, NOVEMBER 1999

[8] D. C. Youla, “Mathematical theory of image restoration by the methor! Nikolas P. Galatsanos (SM’'95) received the
of convex projections,” inmage Recovery: Theory and Applicatiohs Diploma of Electrical Engineering from the National
Stark, Ed. Orlando, FL: Academic, 1987, ch. 2. Technical University of Athens, Athens, Greece,
[9] H. Stark and M. | Sezan, “Image processing using projections method: in 1982. He then received the M.S.E.E. and
in Real-Time Optical Information Processing. Horner and B. Javidi, Ph.D. degrees from the Electrical and Computer
Eds. Orlando, FL: Academic, 1994, pp. 185-232. Engineering Department, University of Wisconsin,
[10] M. I. Sezan, “An overview of convex projections theory and its Madison, in 1984 and 1989, respectively.
applications to image recovery problemd/litramicroscopy vol. 40, Since the fall of 1989, he has been on the
no. 1, pp. 55-67, 1992. faculty of the Electrical and Computer Engineering
[11] K. C. Haddad, H. Stark, and N. P. Galatsanos, “Design of two-chan Department, lllinois Institute of Technology,
equiripple FIR linear-phase quadrature mirror filters using the vect® Chicago, where currently, he is an Associate
space projection method/EEE Signal Processing Leftvol. 5, July  professor. His research interests include inverse problems for visual
1998. . . communication and medical imaging applications and the application of
[12] z. Opial, “"A Weak convergence of the sequence of successive apprQxécior space projection methods to signal and image processing problems.
gnzg'gol” f1056n70nexpan5|ve mappingsBull. Amer. Math. Sog.vol. 73, Dr. Galatsanos has served as an Associate Editor for the |EEE

TRANSACTIONS ON IMAGE ProcEssiNgand currently serves as an Associate
Editor for the IEEE &NAL PROCESSINGMAGAZINE. He has coedited, with A.
K. Katsaggelos, a book entitleinage Recovery Techniques for Image and
Video Compression and Transmissi@oston, MA: Kluwer, October 1998).

Khalil C. Haddad was born in Beirut, Lebanon. He
received the B.E. degree from American University
of Beirut, the M.Sc. degree from the Florida Institute
of Technology, Melbourne, and the Ph.D. degree
from lllinois Institute of Technology, Chicago, in
1984, 1988, and 1998 respectively, all in electrical
engineering. During his Ph.D. studies, he worked in
industry.

Since 1999, he has been with Lucent Technolo-
gies, Holmdel, NJ. His main research interests are in
digital signal processing and digital communication.

Henry Stark (F'88) received the B.S.E.E. degree
from the City College of New York, New York,
NY, in 1961 and the M.S.E.E. and Ph.D. degrees
from Columbia University, New York, NY, in 1964
and 1968, respectively.

After working in industry for the Bendix Cor-
poration and the Columbia University Electronics
Research Labs, he spent 1969 and 1970 abroad at
the Israel Institute of Technology, Haifa, and the
Weizman Institute of Science. From 1970 to 1977,

A& he was with the Department of Engineering and

Applied Science, Yale University, New Haven, CT, and from 1977 to 1988, he
was with the Department of Electrical and Computer Engineering, Rensselaer
Polytechnic Institute, Troy, NY. He now holds the Carl and Paul Bodine
Distinguished Professorship at lllinois Institute of Technology, Chicago, where
he had been Chair of the Electrical and Computer Engineering Department

from

1988 to 1997. He is the co-author (with J. W. Woods)Pobbability,

Random Processes, and Estimation Theory for Engingenglewood Cliffs,

NJ: Prentice-Hall, 1986, 1994Modern Electrical Communication&vith F.

B. Tuteur and J. B. Anderson, Englewood Cliffs, NJ: Prentice-Hall, 1979,
1988), andVector Space Projection Methodsvith Y. Yang, New York:
Wiley, 1998). He has edited books on Fourier opti&glications of Optical
Fourier Transforms New York: Academic, 1981) and image processing
(Image RecoveryNew York: Academic, 1987). He was written numerous
papers, book chapters, and invited articles on signal processing, optics, medical
imaging, and communications.

Dr.

Stark was awarded a Best Paper Award by the IEEE Engineering in

Medicine and Biology Society for a paper he co-authored with J. W. Woods,
I. Paul, and R. Hingorani describing fast tomography. He is a Fellow of the
Optical Society of America.



