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Design of Two-Channel Equiripple FIR
Linear-Phase Quadrature Mirror Filters

Using the Vector Space Projection Method
Khalil C. Haddad, Henry Stark,Fellow, IEEE,and Nikolas P. Galatsanos,Senior Member, IEEE

Abstract—A new technique for designing finite impulse re-
sponse (FIR) quadrature mirror filters (QMF’s) is proposed. The
approach is based on the vector space projection method (VSPM).
Convex constraint sets and their projections that capture the
properties of the desired QMF’s are given. The proposed ap-
proach produces equiripple filters. This method is compared with
the classical Johnston’s method and is shown to have certain
advantages.

I. INTRODUCTION

QUADRATURE mirror filters (QMF’s) [1] are used in
subband coders for speech processing [2], transmulti-
plexers for telecommunication [3], and image compres-

sion [4]. A common requirement in most applications is that
the reconstructed output signal should be “as close” as possible
to the input signal. When the output is a delayed, replica of the
input then the QMF’s system is called aperfect reconstruction
(PR) QMF system. In order to design a PR QMF, one needs
to relax one of the QMF properties, such as the phase linearity
or the power complementary property. On the other hand, it
may be desirable that the analysis and synthesis portions of
the QMF’s have linear-phase for certain applications that deal
(for example) with low bit rate coding.

A classical method for designing near perfect reconstruction
QMF’s was first proposed by Johnston [5]. It consist of
selecting the filter coefficients such that
is made as close to unity as possible (the so-called power
complementary property) while simultaneously minimizing (or
constraining) the stopband energy of the transfer function

. This approach leads to the minimization of the integral
squared error

where is a weighting factor in the range of and
is the stopband frequency. In performing the optimization,

the filter impulse response is constrained to be symmetric
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Fig. 1. Two-channel QMF bank.

(linear phase). In this letter, we propose a new approach to
designing QMF’s based on the vector space projection method
(VSPM). We will provide examples and compare this method
with Johnston’s method.

VSPM deals with the problem of finding an object (for
example, a signal, function, image, etc.) in a proper vector
space that satisfies multiple constraints. When all the constraint
sets are convex and have anonempty intersection, there exists
a powerful theory in finding the object that satisfies all the
constraints. This subset of VSPM is calledprojection onto
convex sets(POCS). The reader is referred to [6] and [7] for
an introduction to this method.

II. TWO-CHANNEL QMF PROPERTIES

A two-channel QMF bank is shown in Fig. 1, where
are the lowpass and highpass filters, respectively, of the

analysis bank filters, and are the corresponding
synthesis filters. The conditions imposed on the analysis and
synthesis filters for a PR system are well known; see, for
example, [1]. All filters are assumed linear phase and are of
length , where is even. For the analysis sections, the
impulse responses are

for (1)

(2)

for (3)

for (4)

And for the synthesis section, the responses are

(5)

In addition to the above conditions, it is desirable that the
filters have the passbands close to unity and good attenuation
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in the stopbands. As mentioned previously one needs to relax
the power complementary property to design a QMF with
linear phase. In what follows, we propose a design algorithm
based on VSPM.

III. D ESIGN OF TWO-CHANNEL

LINEAR PHASE QMF USING VSPM

The first step in implementing the VSPM algorithm is to
define the appropriate sets that capture the QMF’s properties.
These sets are parametrized by the constraints needed to
specify the characteristics of the QMF’s. In parallel with (1) to
(4) and taking into consideration the stopbands attenuation we
define the following appropriate sets. In the frequency domain,
the sets are (6)–(8), shown at the bottom of the page, where
is the passband and stopband frequency of and ,
respectively, and is the passband and stopband
frequency of and , respectively. Since the lengths
of and are known, and the linear phases
associated with and are also known. In the time
domain, the set is (9), shown at the bottom of the page.

In words, is the set of all two-tuple finite-length se-
quences that imply a Fourier transform that satisfies (4) (power
complementarity) with an error tolerance of. Set is the
set of all two-tuple, finite-length sequences, whose lowpass
response has a stopband attenuation magnitude
bounded by . In is otherwise unrestricted. Set is the
set of all two-tuple, finite-length sequences, whose highpass
response has a stopband attenuation magnitude
bounded by . In is otherwise unrestricted. Set is the
set of symmetrical sequences, and that satisfies (1), (2),
and (3) (the QMF property and linear phase). The convexity
of and can be easily established using similar
arguments as for the sets defined in [6, pp. 225–228].

The next step is to find the projections onto these sets. In
the interest of brevity, we give projections without proof.

Projection onto : The projection of an arbitrary two-
tuple onto where

can be computed using the
Lagrange multiplier method. The results are as follows.

If , the projection onto
will be

(10)

where

(11)

If , the projection onto
will be

(12)

where

(13)

Finally, if , the
projection onto will be

(14)

where

(15)

These equations implicitly define the projector.
Projection onto : The projection of an arbitrary

is obtained using the Lagrange
multiplier method. The result is where

if for
if for
elsewhere

(16)

and for
(6)

for (7)

for (8)

and for
(9)
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Fig. 2. Frequency response for the Johnston (top) and VSPM (bottom)
analysis filters.

Projection onto : The projection of an arbitrary
is obtained using the Lagrange multi-

plier method. The result is where

if for
if for
elsewhere

(17)

These equations implicitly define the projectors, and ,
respectively.

Projection onto : The projection of an arbitrary two-
tuple onto is again computed using
the Lagrange multiplier method. The result is

where

and

(18)

Finally, the VSPM algorithm takes the form

(19)

Each projection is called a step. A new iteration cycle begins
after four steps.

IV. EXAMPLE AND NUMERICAL RESULTS

In this experiment, we discretized the signals in the fre-
quency domain to 512 samples. A linear phase QMF was
designed with ,
and a transition bandwidth . This is compared to
the QMF’s with the same and designed by Johnston’s
method in [5], where the author furnished the value of the
impulse response. In order to demonstrate the value of VSPM
for this problem, we chose the above (small) values ofand
that still allowed a nonempty intersection of all the constraints

Fig. 3. Plot of jH0(!)j2 + jH1(!)j2 for the Johnston (top) and VSPM
(bottom) pair of filters.

Fig. 4. Plot of the residual errore(n) for the Johnston (top) and VSPM
(bottom) pair of filters.

sets. To measure the error of the reconstructed signal for each
filter, we applied an impulse as input, and computed
the energy of the residual error of the output i.e.

.
Table I shows that the QMF’s designed by VSPM have

superior stopband attenuation than the Johnston’s design (71
dB versus 65 dB). In addition, the peak-to-peak deviation of
the power complementary property of the VSPM designed
filter is much smaller than that of the Johnston’s filter and
this led to smaller residual error , as the last entry in
Table I shows. From Fig. 2, we see that the VSPM’s filter
is equiripple.

The plot of the frequency responses of the Johnston and
VSPM QMF’s are shown in Fig. 2. Fig. 3 shows the plot
of in dB scale, and Fig. 4 shows the
residual error . For readers who
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TABLE I
CHARACTERISTICS ASDESIGNED BY VSPM AND THE JOHNSTON METHOD

TABLE II
FIRST HALF OF THE VSPM FILTER IMPULSE RESPONSE

H0, THE SECOND HALF IS THE MIRROR IMAGE

wish to compare these results with their own methods, we
include in Table II the VSPM filter impulse response. The

proposed VSPM algorithm for this example converged after
about 25 000 cycles.

V. CONCLUDING REMARKS

We presented a new, promising, QMF design method based
on vector space projection that allows more flexibility in
the design in that any number of convex constraints can be
incorporated in the design without the need to find one-step
analytical solution. This method can be also easily extended
to multidimensional QMF designs.
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