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ABSTRACT

We consider. the convergence properties of the
forgetting factor RLS algorithm in a stationary
data environment. We study the dependence
of the speed of convergence of RLS with re-
spect to the initialization of the input sample
covariance matrix and with respect to the ob-
servation noise level. By obtaining estimates
of the settling time we show that RLS, in a
high SNR environment, when initialized with
a matrix of small norm, has a very fast con-
vergence, Convergence speed decreases as we
increase the norm of the initialization matrix.
In a medium SNR environment the optimum
convergence speed of the algorithm is reduced,
but RLS becomes more insensitive to initializa-
tion. Finpally in a low SNR environment it is
preferable to start the algorithm with a matrix
of large norm.

1. INTRODUCTION

The Recursive Least Squares (RLS) algorithm is
one of the most well known algorithms used for
adaptive filtering and system identification. Its
success is mainly due to its exceptionally fast con-
vergence speed that is considered as optimal in
practice and as a measure for comparison (and de-
sired goal) for other algorithms. '

Due to its nonlinear nature, the theoretical
study of RLS seems to be quite complicated. Com-
plexity increases significantly if we consider the
forgetting factor RLS version, which is the most
useful version of the algorithm since it is applied
in problems where tracking is necessary. Several
works in the literature deal with the problem of
convergence of RLS in a stationary environment
and its corresponding performance at steady state
[L],[2], /41,131, [].

Although the performance of the algorithm, in
a stationary environment, during the transient
phase is considered well studied, certain observa-
tions coming from practice cannot be explained
in a satisfactory manner with the existing theory.
Specifically, it is observed in practice that RLS
has a much faster convergence rate if the sam-
ple covariance matrix (computed in the algorithm)
is initialized with a “small” positive definite ma-
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trix (usually of the form of 6I) [5, page 484],(8,
page 476] suggesting that the initialization with a
“large” matrix results in an inferior performance.
Unfortunately the existing theory is not capable of
distinguishing this performance of the algorithm,
meaning that there is a need for further analysis
that pays special attention to initialization.

With the present paper we attempt to make a
complete study of the performance of RLS under
different initialization cases. We will show, by
studying the mean and the covariance of the es-
timation error vector, that the performance of the
algorithm depends strongly on the initialization
and the observation noise level. To compare the
different initialization cases and be able to suggest
the most preferable one, we will use the settling
time as a measure of speed of convergence. With
the help of this measure we will be able to show
theoretically that the initialization with a “small?
matrix is preferable for cases of high and medium
SNR, while in the case of low SNR a “large” ma-
trix is preferable.

" 2. BACKGROUND MATERIAL

Let us consider the following linear system

Yn = th;Wo +w, n>0 (1)
where {y,} is the measurable scalar observation
sequence, {Xn% the measurable vector input data
sequence, {wy, } the additive observation noise and
W, an unknown deterministic time invariant vec-
tor.

Since we are interested only in convergence
speed and not in complexity and computational
robustness, we assume infinite accuracy. Then we
can show that RLS is equivalent to the following
algorithm

Rn = (1 - N)Rﬁ—l + Xanz
En = (1~p)énay +wp Xy (2)
4, = R,

where 4,, = W,,—W, is the estimation error vector
with W, the estimate of W, at time n, p is the step
size and we denote with v = 1 — y the forgetting
factor.
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2.1. Initialization of the RLS Algorithm

Initialization in the RLS algorithm is required in
two places. That is in Wy, (i.e. Wy) and in the
matrix R, (i.e. Ry). The vector Wy is commonly
selected to be zero while Ry = 61, where I is the
identity matrix and é a constant which is either
“small” [5, page 484],[8, page 476] or “large” [4].
The convergence properties of the algorithm are
completely different depending on the value of &
being “small” or “large”. A fact that needs to be
stressed here is that the same value of § applied
to the same set of data can have a completely dif-
ferent performance depending on the value of the
step size 4 we use. This suggests that the notion
of the size (“small” or “large”) cannot be defined
in absolute terms but only in conneetion with the
step size .

In our analysis we will be concerned with cases
where the step size is small, that is, u € [0, o)
with ug < 1. We can then distinguish a variable
as “small” or “large” by comparing it to the step
size . Actually we need to distinguish three dif-
ferent sizes for the variables. Specifically if a vari-
able a(u) satisfies a(u) = @(u*)! then a(u) can be
characterized as “small” if a > 0, as “medium” if
0> a>—1and as “large” if -1 > a.

Let us now see how we can initialize the RLS al-
gorithm using the above definition. Consider first
the vector Wy. The most common selection for ini-
tialization is Wy = 0 corresponding to A¢g = —W,
which is a ©(1) vector. For our study we will more
generally assume that Ag = A where A =6(1) is
a deterministic vector. For the initialization of R,
we will assume that Ry = y*Rwith R a determin-
istic positive definite matrix satisfying R = ©(1).
Clearly case a > 0 corresponds to a “small” initial
value, 0 2 a > —1 to a “medium” and ~1 > «
to a “large” one. Referring to the algorithm in
(2) this results in Ry = p®R and & = p*& with
& =RA=06(1).

3. ASSUMPTIONS AND MAIN
RESULTS

We will assume that the process { X, } is generated
by the following linear state space model

L

where the system {D, E, F'} is output reachable,
that is, the matrix [FE,FDE,..., FD" ' F] is
of full rank, with 7 being the degree of the min-
imal polynomial of D. We also assume that the
matrix D has all its eigenvalues strictly inside the
unit circle. This model generates a data sequence
{Xy,} with rational spectra. We need to make the
following assumptions regarding certain processes
involved in our analysis.

La(f) = O(f) means that the norm of a(f) is bounded
from above and-below by f times some constant while
a(f) = O(f) that the norm is bounded only from above.
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Al. The input process {{»} in (3) is a stationary
zero mean white noise sequence that satisfies
the following conditions

o There exist constants K > 0, v > 0, ¢ >

0 such that for all vectors 8 (of proper
length) with {|8l = 1 we have for the
probability P(|6'¢1| < z) < Kz7, for all
0<z<xg.

e E{||¢4|I®} < oo, where E{-} denotes ex-
pectation.

A2. The observation noise {w,} in (1) is white,
zero mean, with bounded variance 02. The
noise {wp} is also independent of the process
{¢n} and thus of the data process {X,}.

Next our main goal is to study the behavior of
the power of the estimation error vector A, for the
RLS algorithm defined in (2). For our study we
are going to assume that Assumptions A1, A2 are
valid. Although not explicitly stated we assumed
(and will continue to assume) that the moments
of the process {(,} and thus of {Xn[}l are 6(1)
quantities.  This will not be the case though with
the variance o2 of the obsérvation noise because
our intention is to study RLS in a high, medium
and low SNR environment. Consequently, later in
this section, we will relate o2, to the step size p. -

Let us now try to analyze the power E{||A,|%}.
The power satisfies

E{llAnl|2} = "E{An}"2 + trace{Cov{A,,}} (4)
where Cov{T} = E{(T — E{T})(T — E{T})'} de-

notes the covariance of the random vector 7. Be-

cause of the above decomposition we will study

separately the mean and the covariance. -

By assumption the additive observation noise
wy } is a zero mean white process independent. of
(n}, thus it will also be independent of the data

process {X,,} and consequently of the matrix R,,.
This allows us to write

B{A,} = B{R;'6.} =y E{R;'}E  (5)

and N ,
Cov{A,}=Up+V, (6)

where ‘
Uo = @Cov{RiEy (D)
n
Vo = aﬁ,E{R;L-JL ( z V2(""'j)XjX;‘)R;1}(8)
Cj=1 o

We have now the following theorem where we esti-
mate the mean and the two parts of the covariance
matrix. ’ ‘

Theorem-1: If p E [0, po] with up < I then
there exists integer 7y independent of u such-that
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the following relations hold for n > ng

“a+lyn
E{A,} = © (,,,aJrlyn 1o Vn) 9)
2(a+1),,2n(1 __ ,n
(/la+1,/n +1— I/"’)
—n
Vo = 020 |p 1-v 5 [11)
(ﬂa+1yn +1-— V")
Proof: 'The proof can be found in [7]. =

The above theorem constitutes the main tool
for studying the mean and the covariance of the
estimation error vector.

Next we are confronted with the problem of es-
timating the speed of convergence of the RLS al-
gorithm for the different initialization cases. We
would like to define a quantity that measures the
speed in a way that is consistent with the prac-
tical feeling. Notice that when we apply RLS we
usually pay attention to the power Egll Ayl?} and
expect this quantity to become “small”. Since the
notion of “small” is now well defined we will use it
to estimate the time n, (settling time) required by
the power to achieve “small” values. More specif-
ically we will try to estimate the smallest possible
time n, for which we have

E{l|4n]?} = O(*),

where € > 0. If such a condition cannot be satisfied
for any € > 0 and any n then n; = co. As we will
see this can happen when the SNR is low.

Because of the decomposition we made to the
power with (4),(6) we can see that the settling time
n; is the largest among the three settling times cor-
responding to the three parts that constitute the
power. Specifically n, = max{nm,n,,n,} where
Tom N, Ny are the smallest time instants for which
respectively we have

for all n > ny (12)

E{A,} = O(u) for all n > ny,
n = O(u*) foralln>n, (13)
Vo = O(u%) foralln>n,

There is a slight ambiguity in our definition for
the settling time coming from the fact that the
parameter € is not explicitly defined. We resolve
this problem with the following definition:

Definition: ~We will say that an initialization
case qa; is preferable to an initialization case oo, if
there exists eg > 0 such that the first case has a
smaller settling time for all € € (0 ¢)..

With the above definition we efface the ambigu-

ity by considering values of ¢ corresponding to the
largest possible “small” values for the expression

u2e .
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= to the previous case.

T =
High SNR (p > 0)
a>0 e(1)
0>a>-1| 60u*-
“1>a o('e))
Medium SNR (0 > p > —1)
a>0 O(ur~%)
0>a>p || O ™)
p>a> -1} Ou*e)
-1>a | o

Table 1. Estimates of the settling for different com-
binations of the parameters o and p.

To proceed with the estimation of the settling
time n, we must distinguish different SNR envi-
ronments. We will thus assume that ¢2, = O(u”)
where p is a real parameter. According to our def-
inition, p > 0 corresponds to high SNR, 0 > p >
—1 to medium and —1 > p to low SNR. Notice
that under the above form of noise power the lim-
iting value of V;, can be shown to be of the form
O(u?t1). Clearly if ~1 > p (low SNR) the limiting
value is no longer “small” and the algorithm has
a bad steady state performance. According to our
definition, such a case has infinite settling time.

We' can estimate the three different settling

. times 7y, Ny, 1y using Theorem1 and form Ta-

ble1 for the settling time n; = min{nmy,, ny,ny} as
a function of a and p. We must stress that for
each case listed in the table there exists an inter-
val (O €g) where the estimate of the settling time
is valid.

4. DISCUSSION OF THE RESULTS

Let us consult Table 1 and try to draw conclusions
for the performance of RLS.

Case of High SNR (p > 0)

From Table 1, by comparing the different expres-
sions for ng, we have that the setthng time is in-
creasing with decreasing . For “small” initial val-
ues (a > 0) RLS converges almost instantly and is
basically insensitive to “small” initialization. For
“medium” initialization values the settling time in-
creases with increasing initial value. Finally for
“large” ‘initial values we have the worst possible
settling time.

Case of Medium SNR (0> p > —~1)

In this noise environment the optimum speed of
the algorithm is significantly reduced as compared
On the other hand RLS
seems to be rather insensitive to the initialization
value. For all @ > p, corresponding to “small”
and part of “medium” initialization values, the
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performance of RLS is almost indistinguishable.
The settling time starts to increase significantly
only when the initial value becomes large enough
(p > a) and continues to have the worst perfor-
mance for “large” values.
Case of Low SNR (-1 > p)
Even though the settling time is infinite for this
case we can still draw conclusions regarding the
most preferable initialization. - It is possible to
show that the leading part of the power for this
case is part V,, of the covariance matrix. This part,
can be shown, to have smaller values when the
algorithm is initialized with “large” initial value.
This suggests that for this SNR case, initialization
with a “large” value is preferable {7].

Comments: For high SNR the optimum settling
time is ©(1) while for medium SNR it becomes

©(uP~%). In other words the optimum speed of
convergence for RLS depends on the SNR value
and increases with increasing SNR. Also for the
most practically interesting SNR cases (high and
medium SNR) the performance of RLS seems to
have a limited sensitivity to initialization provided
the initial matrix Ry is small enough. This char-
acte}zristic was also observed in practice [8, page
476).

The RLS algorithm, once in steady state, has a

reduced ability to track abrupt changes in the re-

gression vector W, as compared to its convergence
speed during the initial transient phase. Indeed if
RLS is in steady state then R, is of the order of
©(u1), that is, a “large” value and we have seen
that this yields the worst possible setthng time (for
medium and high SNR). .

5. SIMULATIONS

We consider an FIR system where the vector W,
is composed of ten random numbers in the in-
terval [-1, 1]. The data process {Xyn} satisfies
Xp = [Tn Tn-1 -+ Zp_g)’ where {z,} is a an
ARMA sequence generated by passing white noise
through an IIR system with transfer function

142271 43272
(1-1.131421 +0.6422)(1 + 0.9z~1)
(14

H(z) =

To the output process WX, weadd a zero mean
white noise {wy}.

We apply the RLS algorithm with forgettmg
factor v = 0.995. For the initialization we use
o =1,0,-0.5,—1. The initialization matrix R is
selected to be 021, with o2 the variance of z,, and
Wy = 0. We apply the algorithm on 100 inde-
pendent sets of data and for each time step n, we

compute the corresponding sample mean estima- -
1(a), (b) and (c) depict the

tion error power. Figs.
performance of RLS for SNR values 40db, 104db

and -20db (corresponding to high, medium and’

low SNR). We can see that there is exact agree-
ment between the simulations and our conclusions
in Section 4.
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Figure 1. Performance of RLS for different initializa-

tions, (a) SNR=40db, (b) SNR=10db, (¢) SNR=:-

20db.. . . o
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