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DETECTION OF ABRUPT CHANGES IN THE MODAL CHARACTERISTICS
OF NONSTATIONARY VECTOR SIGNALS.(*)
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An Instrumental Test Statistics is presented to detect changes
in the pole part of an ARMA process with time varying MA coef-
ficients; the statistical and system theoretic properties of
this test are studied. This method is used in vibration moni-
toring to detect fatigues in offshore structures through ac-
celerometer measurements. i

1. INTRODUCTIO|

The need for identification as well as change detection procédures for the AR pa-
rameters of a vector ARMA process arises in many applications. This is the case
for example in-vibration menitorina where one wishes to identify and then monitor
the vibration characteristics of mechanical systems sudbject to unknown natural
excitation such as swell, fluid, wind, earthquakes... As a matter of fact, in

such cases the MA parameters of the process, which reflect the unknown excitation,

have to be considered as nyisance parameters, and methods are needed.which are
robust with respect to those nuisance parameters, and possible changes of them.

In the present paper, the following problem is addressed, Consider a véctor ARMA
process

n n=1 Lo -
= " " . t -
A 1.21 Ay Yyq+ jzo B;(t) L m

where e, is a vector standard white noise, and the MA parameters B;(t) are time
‘(argn‘ng. Equivalently, we shall make use of the following state-space from for
yt - . N . -

Xeaq = FXp + Vi s cov(VtH) = Qt.
. {2)

Yy = th 3

where vt is a nonstationary white noise with time \iarying covariance matrix Qt'

The AR parameters A; of (1) are related as usual to the pair (H,F) in (2). The =

relevance of those models to
and is discussed in [Prévosto et al., 1982].

(*)This work is supported by IFREMER under comtract n° 84/7392 and by CNRS,
GRECO 69 "Systames Adaptatifs”.

some problems in vibration monitoring is recognized, =~
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The problems we want to address are the following : Co . and Fuchs, 1985]). .

{1} robust identification of the AR parameters on-a single record of the nonsta- Assume & nominal.mode] 6 is given for the process yt. where

tiaﬂary signal Yp b k B

= (An,...,A1) (6)

{ii) robust detection of changes in these AR parameters. and pcss1h1y diagnosis AT , :

of the nature of ‘the change, """ mme‘" observe a sample SR
Mere "robust" means that each of the desired methods has to work correctly r'egard- Yyreens¥g (M
less of the possible time variations of the MA part of the process. As it is dis- a . R

cussed- in [Benveniste and Fuchs, 198%] and [Basseville and al,. 198{], none of shall consider the fo'llowing hypothesis testing problem. Test

these prohiems can be $olved via 1ikelihood methods. dile to the high couphng T e 5 0 CoaRe e S
between the poles and zeros in the 1ikelihood .of an ARMA process. _!_-I_O : e = (8)
in [Benveniste and Fuchs. 198¢ , several methods related to the Modified Instry- agamst :8=8 +-})§66 {9)
mental Variable method (see [Stoica and al., 1984]) have been shown to provide 172

with consistent estimates of the AR parameters in (1), regardless of the time va- where 68 is some direction of possible change. The presence of s in (9) means
. riatmﬂs of the corresponding MA coefficients, P . :that we follow a local asymptotic approach in the sense of Le Cam-Roussas (see

[Roussas, 1972], Bassewﬂe and Benveniste, 1985]). -
In the preseént paper, an Instrumental Statistic related to the MIV method is pro-

posed and is shown to solve the robust chanqe detection problem for vector pro- Consider the fo]lomng statistics :
cesses of the form {1) or (2). .

it L3 T
R | z Z, - w
The paper is orqamzed as follows, In the second sectwn, the theoretical restﬂt S t=1 t . .
which our method is based upon will be presented, and a family of candidates to :
detect the changes will be presented. : - W, = 2 Ay, g (10)

Furthermore, the diagnosis of the nature of the change is briefly addressed; a
switable general sensitivity method will be presented for this purpose. The third o Zt
section will be devoted to the optimal desian of the test: a deep conmection will

be established between the optimal design of Instrumental Statistics and the

L

(yt_n seee ..‘/t,n'_N,,,1 )

optinal design of the MIV as studied in E’itcnca and al., 1934] where w, is a MA process and Z, is a corresponding instrument.
I. THE TNSTRUMENTAL TEST STATIST - . ‘Then, under the hypothesis ;ID, we have
i - A nonstationary: Central Limit Theorexﬁ : Eq(Ug) =0 . ' o _ Coan
{iunsider a vector ARMA process in the state space form ' whereas, under ﬂ1 we have
Koy = e * Vg - ) “Eyllg) - I Eq i 2, vy 8] = (2 Lo - £ (12)
Yy = Wy ' '

. : where ﬁs(n,N) is the Hankel matrix (N yn)
X, € R, yt"elid s ooV Vo= Qt

: [Ro(S) Ry(s) Ry-1(S)
Te each solution Ai,.'...A of -the tinear system _'R‘I‘(s) :
K { Ay e (4) g’fs(n N) = {13)
. ’ i=t . . ’
we can associate a (generally non m‘nimal) ARMA representation of Yi s
n n-1 \Rn;1(5) Rn+N-2( )‘

i=t j=0 T
‘ Ry(S) = ! Yan Yt *
where e, is a standard white noise, the innovation of Yie Conversely, each ARMA t=t o
representation (5) of y, gives a solution Aiseieshy Of (4) ; the index n need mot The formulas (11,12) suggest to use Ug to decide between Hy and H,.

to be minimal, and the solution of (4) is generally nen unique (cf. [Benveniste A key step toward such-a procedure is to derive a Central Limit Theorem for the
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statistics Ug under both hypotheses ﬂo and Hy- This will allow us to use Gaussian

hypothesis testing procedures. To get our Central Limit Theorem, we have to expang.

US into a vector; this is obtained by replacing Us by the Kronecker product.

S .
us = tzl Z.t' ® W R T “ AR RO (14}
The proper translation of (12) is .then as follows. Rearrange {6(i,j .A
as o + Rearrange 18013 h i gna agica
@ : ® (id+) = o(i,d) : (15)

which is the vector obtained by reordering the rows of & as superimposed
Then (12) is replaced by Superimpo ) ;olums.

A s® - :
-E, U =(E, WM @1y - - 7 (16)

On the other hand, we have

: S n=t
1R T T
Eglh U : = t§1 121-HE°((Zt® we) (Z s ®w,_,))
‘ § 'n-1 a7
i .97 T
L i=§-n Ey(zy « 2, ) @ (v, we_i))
and we shall introduce the corresponding estimate
§  n=t T T
6 t§1 ij_n (Zy « 7, 0@ twg s wy_2) (18)

" Introduce now the following assumptions on the nominal system (3) ¢

AL : The matrix Fo is full rank and asymptotically stable

|4, : There exists a scalar ¥ > 0 such that, for every vector ) and every integer

k we have P
E ol < Il
- Mt :

52 : The pair (Hﬂ, Fu’) is observable,

k : There exists a nonzero vector G such that for every t we have 0 > GGT.

-

Note that A.4 is not a controllability condition.

;2?3, despite the fact that Y is a nonstationary process, the following theorem
s &

* BASIC THEOREM : The assumptions A1 to A4 hold.

Detection of Abrupt Changes 541

(1) nonstationary law of 12rge numbers . : for.S large, -15 XS is uniformly positive

{definite and bounded, and ES is a consistent estimate of 25, i.e.

A L (19)

! uﬁder the hypothesis .go . _
J{i1) nonstationary Central Limit Theorem
‘|Under the hypothesis H -

V2. Ug LW TR A (20)
-|whereas, under the hypothesis H,- s : | _

: s&\L :
~1/2 T . .

_PROOF : see [Moustakides and al., 198%] for the scalar case ; most of ‘the mate-

rial needed for the vector case can be found in this paper. The needed additional
results are rather technical, and are currently written. -

I I11.2 - Instrumental statistics )

We shall make an extensive use of the following fact abgut Gaussian hypothesis '
testing. Assume a statistic 7} is distributed as ¢/ (u,}).

For testing p = 0 against y @ range (A), where A is some full column rank matrix,
the wellknown Generalized Likelihood Ratio approach ([A.S. Willsky, 1876]) cor-
‘responds to the following x2 - statistic

Ut Tyt AT

which is nothing but the maximum vaiue, with respect to. v, of the negative logli-
kelihood ratio between ;-_h and Qo with y = Av.

We shall now use the statistics us_ as if we had equality in (20.21) and shall use

the above mentioned approach for Gaussian hypothesis testing. Let us investiaate
what are the possible changes in the mean of the statistic 'MS. For this. purpose

" introduce now the following additional assumption. Given a matrix M. we shall de-

note by

01(M) )UZ(M) .0 0

its singular values. The additional assumption is
- 1 .
[AS 'l;m::f 9, (-S- %S("’N)) Yoo 0wp. 1

where r is the dimension of the state in (3).

Together with (A.3), the assumption (A.5) guaranties the uniform minimality of the
‘state space model (3) to represent the process (yt). The assumptions (A.1) to

(A.5) imply the assumptions (C.1) to (C.4) of [Benveniste and Fuchs, 1985] since
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the measure of emergy Ag introduced there in (formula (I1.5)) is here asymptoti-

cally of the order of S. As a consequence of (II[.9) and (I11.11) of that paper,
we get the result _

A8 - Oy Lm0 s

where the pair (F0 . %35) is uniformly controllable, e{S) tends to zero w.p.t
under H and-H;, and @h(l-l.-F-) denotes the observability matrix

- H
O.me = HF

w1y

whereas {N(F'% GS) is. the correspondjng controllability matrix, which is shown

to be uniformly of full rank. As a consequence of (23) and (12), we can detect any

. -change of the statistic Ug in the range of the hankel matrix -}%g {n,N), and we
shall not be able to detect any change on 6 such that

Oty Fy se =0 (24)

but such a change does not correspond in fact to any change in the minimal repre-
sentation (3) of Y4 so that, thanks to (4.5 istic Ug» or equivalentty
uS’ will allow us to detect any change in the pair (H,F) corresponding to the
minima) representation (3). This is the best we can expect.

To apply the gehera'l principale (22) of Gaussian GLR testing, we must reduce the
matrix :

1 T
to a full column rank matrix. To do s0, choose any matrix D such that

D 0n(H0,F0) be invertible o (25)

Then, thanks to (23),
§H0m 0 @1, 2 AT . (29
has full column rank, '

Finally, since N3 n and D
mily of Instrumenta] Test
pair (Hu, E

A - A -1 A_ ! —
x5 = Ug 5! é’__ﬂ (gs Zsiiﬂ) s X5 U (27

were chose-n arbitrarily we derived the following fa-
istics te detect an unknown change in the nominal
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; 2 e 4l

Under the hypothesis Hy of no change, xg is approximately a central x" with N.d
degrees of freedom, whereas xg is non central if any change accurs. Note that (27)
- s 3 i .
takes the form of an off-1ine hypothesis testing method (or "mode validation") ;

- i -14 detection method
Ll is no problem to design a corresponding on-line change n methoc .
B Eenveniste, 1985, [Nikiforov, 1985], [André-Obrecht, 19851). . = . -

A special case of Instrumental Test Statistics

fhé simplest lls we can design corresponds in fact tow Pse the definition of us
Vf.:suggestéd #h (12) (using the’ mp’ir"igaTH'ankeT matrix)

 {e
Ug = Lilnst) « 1, (28)

and to reduce i't as follows.

i ' =di i i dent rows to get
STEP .1 : select in On(“G’F.B) r (=dimension of the‘stater) mci:;:nrzn1 o g.
b (jn, and assign the value zero to the rows of 8 which were not sele 03
f" then; solve the reduced form of (4) to get the reduced nominal model 8g-

STEP 2 : select now columns 'h11 -15 xs(n,N) to get, after row and column JV‘EduCt'IOItl,
“an invertible reduced mtrix ¢ K¢ of rank r, and set

%mfn f s 7 } | ‘ (29j

S = L &) IO SR L))
.1 {%
ain - gtmm‘) { ] (30)
AU SRIEE ¥ o
Since 2{'31" js invertible, (27) reduces to ‘
' ' : T as -1 . -
&0 U g™ oaUrm (31)

| ) i ' i , min
where ugﬁ" is obtained from ugnn by the usual stacking transform, and }:s_ is
easely obtained through column and row reductions from '):s. ‘

; Statistics in (31)'1'5 the kind of statistics we use in
Tﬂicg-‘igmfgﬁﬂgﬁl zisp:rimental work on vibration monitoring. But it is by no means
gptimal {at least theoretically), as the next section will show,

Diagnosis on the or-ig' in of the change : a sensitivity methed

inci i h searches
: sent the principles of the method. Since our approach s .
ggf?ﬁl}n"mn‘;g in the Ag part of the system, we shall use the following sensi
tivity method. Parametrize the AR part of the system as

where@ is some minimal parametrization of the AR part (for example poles + modes)
and £ is 8" tn'a neighbourhood of the nominal system 2,. To concent\t'ate on a'pos;
sible change in 2 subset of the coordinates of o, (say one pole and its associate
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mode), denote by} the matrix obtained by selecting the corresponding columns of
the Jacobian f '(08) 7 thenapply the same technique as previously, but replacing

Z3nN) by AT+ F . This method is.extensively investigatad in the scalar
‘case in [Bassevilie and al., 1984] and currently experimented -in the vector case,

III. OPTIMAL CHOTCE OF THE INSTRUMENTS

This section is concerned with the stationary case only (9, = @ in (3)). Since we

had a Targé flexibility in designing the tests, it is natural to investigate the
optimization problem. .

To compare the tests, we shall fix a level  to select the threshold A through the
constraint

Pilxg > A} <o - (33)
then we shall try to maximize the power B of the test, defined by
B =Py {xg> A} (34)

Optimizing N and D

To design the statistic x, we were free to select the reduction matrix D (see {26))
.and the number N of instruments. We have the following result

2 [Rougee, 1985)

(1) For N fixed; g = B(N_} is independent of the reduction matrix D
(i7) B8IN) is increasing with N, so that the optimum is reached for 8_ = 1im g(f)

Using filtered instruments

Instead of using infinitely many instruments, we can rather try to choose N fini-
te, but replace the instrument Z by a filtered version of it.

To do se we'proceed as follows. Introduce the left . -coprime factoriza-
tion of the nominal model in its innovations form .(5) {where the 55 S are now

statignary), see. [Fuhrmann, 1981]
’ . _ N

¥ = FO(Z ) &y (35)

Folz™) = a7 7" Byl

W4 - . . _

Then dencte by By(z 1) the maximum phase polynomial matrix associated to By(z Y,
i.e., see.again [Fuhrmann, 1981]

¥ o1y X, -1

Bofz ') Bylz) = B,y(27') Byl2) '

0 O R (36)

Yo R

Bo(z ) maximum phase. e

Then, set
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T T T
Zy = WgoneeYeogna1)
= Az hy
%t = fo t
S oV
WPt - 3z g zTBg ) ) - wy
t=1
o aropt 1 opt Ty L o (fopt
TP = Eg (U UPE ) = Ey(5PY)

Ta -1
opt opt opt (37)
(Pt et | foet Ty .

‘ Noté that the filter acting on the signal Zt is properly stable and causal. Then,
" we have the following theorem :

THEOREM 3 [Rougée, 1985
(i) )(cs"’t achieves the optimal power 8_ for every chosen level of the test ;

(ii) 8_ is also.the power of the classical local test to detect changes in the

parameters of the AR process (see [Mikiforov, 1985]) :
ny

-1 -
yt = AO (Z ) et

As a consequences xgpt is asymptotically Uniformly Most Powerful. Note that, in
the scalar case, {37) reduces to

. .
ugpt -3 -2z - 7,) +w, - . (38)

A connection with the work of [Stoica and al., 1984] on the MIV method

i 1a (38), suggest strong
he theorems 2 and 3, and especially tt_!e formu 38), . 5
Zgﬁnggi:lﬁsozigh the above mentioned work. To establish such a link in a simple

case, assume that %?{s(n,n) is uniformly invertibie, i.e. r=nd, and we choose
i i = i the

the minimum number of instruments (i.e, N=n). Let es denote the solution of

IV method ;

8
y AU [ i] = 0 (39)
] "

and denote by @s the vector built from &, using (15). Then, for the correspon-

ding design choices in the instrumental statistics U, we have, thanks to {28)
and (39),
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[3 ussas, 1978] : G.G. Roussas "Contiguity of probability measures, some applica-
0 X Y . Qe

T : N ‘
us = (%S(n,n) ®Id) ' QS tions in statistics". Cambridge Univ. Press.
, . (40) . - §m, B, Friedlander "Optimal Instru-
S i . g4) : P. Stoica, T. Soderstrém, B. Frie
es = @S : G ’ f ' &::;?V;:?hg}le’e;zir%tes ‘of the AR parameters of an ARMA process". SCT report, -

TS S AT L e Palo Alto, Submitted to IEEE-AC.
so that the connection between US and @5 under  the hypothesis Hy (i.e. 8y is Willsky, 1976] : A.S. Willsky "A survey of design m?tg?q‘;l{s for failure detection
the true system) becomes obvious. ‘ .[',, dynaﬁcsys ems". Automatica, vel.12, 1976, pp.601-611.
: : g e : . ‘ : ’

CONCLUSTON

We have presented a method to detect changes in the AR part of & vector ARMA
process. The instrumental test statistics we have introduced for this purpose have : i
been shown to be robust with respect to the unknown, possibly nonstationary, MA : : )
part. We have also investigated the system theoretic aspects of the method, es-
tablishing a .connection between our approach and the MIV method of identification.
The problem of diagnosis has alse been investigated. This method is currently used :
in vibration monitoring, to detect is currently used in vibration monitoring, to L
detect fatigues or failures inside an offshore structure through accelerometer b
or strain gauges measurements ; experimental results on large systems will be re-

ported elsewhere,

it
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