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ABSTRACT 

Iii this paper a iieiv initialization scheme for tlie Re- 
inez exchange algorithm is proposed. More specif- 
ically. tlie solution of the well Bnowii “don’t. care” 
filt,er design method is proposed as a iiew efficient 
iiiit,ializat,ioii scheiiie for t,he Reinez algorit,hm. Our 
proposal is inotivated by the fact that  the “don’t 
care” least squares optiiiiuiii solution satisfies the oiie 
of the two basic ‘conclit,ions that are sufkieiit for ob- 
taining the L ,  optiiiiuin solut,ioii according to  the 
Alternat,ion ‘l‘lieoreni aiid at  the same time it ad- 
equately approxiiiiat,es blie secoiid one. Because of 
these propert,ies we have a significant speed up of 
t,lie coiivergeiice of tlie Heiiiez exchange algorit,liin to 
t, lie L crj opt, iinn in solu t, ion . 

1 Introduction 

Iii FIR filter desigii t,lieory, the L ,  norin is a 
very widely used approsiiiiat.ioii measure. Approx- 
imations obtained by t.liis criterion. also kiiowii as 
Chehyshev or Min-max. exhibit. equiripple behav- 
ior in t,be frequency bands of interest (passband and 
stopband). ‘I’his t,ype of Ilehavior is clearly very de- 
sirable in pract.ice because it coiiiplet,ely eliminates, 
in an optmimuin way, t,he Gibb’s pheiioinenoii ob- 
servecl in other (especially L2)  approximation tech- 
niques. 

Obtaining the optimum L ,  solution is quit,e a dif- 
ficult task. All existmine; algorit,liiiis t,liat. obtaiii the 
Chebyshev approximat~ioiis are iterat,ive and require 
an increased complexity. Most well known such algo- 
rit,lims are t,he itemex Lxchange Algorithm (REA), 
the lterat,ive weightmecl least, squares and algorit,liiiis 
based on Const,raiiit. linear optimization. In this 
work we will conceiit,rat,e on tlie REA [SI, [7]! [la]. 

In most, iterat,ive t,ecliniques the t,iiiie required by 
{.lie algorit,liiii t,o converge depends closely on the ini- 
tial “guess” of t,he solution. ‘I’he “bet.ter” this se- 
lect,ioii is! t,he fast,er the algorit.lim converges to  the 
final solution. It, is also not uiiconiiiioii, bad initial 
select’ions, to lead to divergence. ‘ lhe first, initializa- 
tion iiiethod for KEA was present,ed in [7] and aclcli- 
tioiial iiiethods aiming in speeding u p  bhe algorithm 

in [l], [4]. In this paper we propose an albevnat,ivc iiii- 
tializat,ioii scheine. Specifically we propose the iise 0 1  
the “don’t care” least squares optimum solnt.ion [ I  I ,  
page 701 as a starting point, for tlie KEA. ‘I‘his pro- 
posal is strongly supported by a tlieoret,ical result, 
st.ating that, t,he “don’t care” solut,ioii has t,he riglit, 
number of alternating in sign ext,reiiia, required by 
the Alternation ‘I’lieorem; inside the bands of inter- 
est. ‘I’hus i t  satisfies exactly one of the two coiiclit,ioiis 
that. define the opt,imuin L., solution. On t,lie ot,her 
hand the “don’t, care” iiiet,liocl is Biiown t,o yield very 
good (in the L ,  sense) filters t,hat approximating 
sufticieiitly close tlie seconcl coliclitmion that, defiiie-: 
tlie optiiiiuiii L ,  filt,er. 

2 L ,  Approxiinations and the Alteriiatioii 
Theorem 

Let us first. define the approxilidion problelii me arr 
interested in. Consider a collectioii of a fiiiite iiuiiiber 
of closed nonoverlapping int,ervals I , :  i = 1: . . . , f i  
that  are subsets of [0 z]. Consider also R real func- 
tioii U ( w ) ,  continuous and linown 011 each interval 
I i ,  which we lilie to  approxiiiiat,e in tlie L ,  sense. 
Let + , ) ( U )  = C O S ( ~ I J ) ,  or & ( W ‘ )  = sin((r1 + ~ ) I J ) .  11 = 
0, , . , ~ N-1 be t,mo sets of base fuiict,ioii we lilie 60 us(’ 
to  approxiinat,e t,lie fuiictioii U ( w ) .  Finally let 1.1, (J) 
be a weighting fuiict,ioii which is Biio~vii: continuous 
ancl iioniiegative on each interval f 2 .  

‘l’he correspondence with t,he filt,er design prob- 
lem is obvious. ‘I‘he intervals 1; constit,ute either t,litl 
passpalids or the stopbands, U ( w )  is the desired re- 
sponse ancl W ( w )  is the weight in each hand. ‘l’lie 
first set of base fuiictioiis can be used t,o approxi- 
inat,e even syminetric desired responses (defined on 
[-T z]) while tlie secoiid ocld syiiiiiietric. It. is also 
clear t,liat, t,he open intervals between consecutive 1, 
coiist,itut,e the transition regions behveeii Qhe bands 
of interest. 

Let, 11 = [ho hl . . . h , y - l I f  be a vect,or of coefhcienbs 
and denote by H ( h l w )  = Cfzih,,Q,,(u,) a linear 
combination of the base functions. We are iiit,eresbed 
in obtaining the optiinum 11,. in the L ,  smse; t,hat 
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sa t,isfies a l low for t,he use of specialized algorithms, mit,li U -  

ducecl complexity [Y]  ~ for fiiidiiig t~he solut,ioii. lt. i h  

also known that the "don't. care" iiiet,liod yields ~:cr.j. 
satisfactory solutions [2]: [ 3 ] :  in the seiise that ,  t,hi? 
iiiaxiiiiuiii ripple is oiily a few dB larger t.liaii b l 1 ~  
optimum L ,  ripple, t,lius approximating condit~ioii 
22). In orcler to prove t,liat, lz,i geiierat,es t,lie correct, 
number of local extrema wit.11 aiteriiatiiig s ign illside 
the bancls of interest,, me are going t80 use a t8heoreni 
clue to  h/lot,zliiii and Walsli from their work in tli(> 
area of tlie Approximation 'I'heory [lo].  'l'he same 
theorem was used by Rice and Usow in [14] in orcler 
to t,lieoret,ically show t,lie coiivergeiice of blie Lawsorr 
algorithm [SI. 

' I ' heorem ;?: Let {drl ( U ) }  be a C'liel~ysliev sei, 

aiic1 let ~ ( 1 7 ; i u ' )  = 11, ,p ,~(w) be a linear con-  
biiiat.ioii of this set; where h deiiotes tlie parariietcr 
vect,or [ / I O  1 1 1 . .  . l i , y - l ] .  'Then: if k / ( h x ; d )  is a best 
weight,ed L,,, ( p  < 1 < xi) approxiiiiatioii i'o ii 

continuous function f ( w )  oii a set X which is c o r -  
posed by a number or nonoverlapyiiig iiit,er\.ais 01' 
[0 7 i ] )  IV(w)H(h7:w.) strongly int,erpolates I-\/(w)f(w) 
imide the set S .  

Proof: 'I'he proof can be fouiid in [lo]. 
Notice t,liat H ( / z d : w ) .  with /id defined as in (2) .  

satisfies all tlie requirements of 'l'heorem 2. 'l'akiiig 
iiit,o account, that, H (11 ~ w) i s  said to strongly inler- 
polat,e f (u)  I\' t,iiiies if 

( - l )LII i (h%) - f ( 4 ) I  2 0 ( - 1 )  

\.\'e have iiow t,lie following t,lieoreiii that gives nec- 
essary and suficieiit coliclitions for / I ( , .  

'I'hcoreni /: 'I'he vedor  11, i s  the  opt,iinuiii in the 
L,, seiise i i  a i d  oiily if t'lie followiiig two coiiclit,ions 
are satisfied: 

2 ) .  'I'he weighted error fuiictioii W ( w ) [ U ( w )  - 
H ( h , ; u ) ]  lias at least, il: 3 1 local extrema with 
alt,eriiat,iiig sign at  points u11 < U? < . . . < iu',y+l 

that belong t,o Ilie bands of int.rrest (i.e. ull1 E 
ut', I 1, ) . 

1 2 ) .  'I'he local extrema of coiiditioii 2)  are ail equal, 
in ;Ibsolut,e value! to the maximum weighted 
absolut,e deyiation s ~ ~ p , ~ ~ r i  ,, I-b'(u)IU(w) - 

? = I  

k/ ( h  0 .  U ) )  1 .  
Proof: 'I'he proof caii be fouiid in [8], [13]. 
'I'he above theorem is also lmonm as the Alterna- 

t i o n  'i'heoreitr and completely charact,erizes the opti- 
iiiuiii solution h,. Froiii 2) ancl 22) we can coiiclude 
that a vect,or 11 caii be regarded as a good initialguess 
for any recursive algorit,liiii that, tries t.0 estimate h.,; 
if it. satisfies condition 2) exactly ancl conditioii 22) ai)- 
proximat,ely. hotice that the main difliculty for aiiy 
such iiiitializat,ioii scheme is t,o insure the existence 
of at least A: + 1 local extrema, wit,h alt,eriiatiiig sign. 
IASIUK the set ~ t ' , ~ / i .  

3 "Don't Care" Optimum Least Squares Ap- 
proxiinat ions 

Let U ( w ) ,  I&'(iu'); $,,(U) lie as in t,he previous section. 
KecalI that w(@) was defiiiecl only on t.he set ~ f l ~ / i .  

If we extend I ~ , " ( u )  to the whole iiikrval [Or], by 
setting W ( U )  = U €or w E [0 T ]  - ~ f i ~ l i ;  we can then 
define a veclor of optimiuiii coefficieiit,s iz,i by solving 
the following least squares problem 

(21 
Since t,lie weighting fuiictioii lV(iu') is zero outside 
the set, of interest u;L'=,li t,lie values of ~ ( w )  outside 
u:=~ / i  play absolutely no role (t,his is why t,he term 
"don't care" is used). 'I'lie optimum vect,or /I.* is t,he 
solution to t,he liiiear teiii defined by t,he equations 

1 l i d  = arg { i ; f l z  cr;'(d)[U(w) - 1 i ( / i , i u ' ) 1 2 ~ k c ,  

lr [,+,"U)[U(d) - q h d , i u ' ) ] & ( w . ) d U  = O ( 3 )  

I I i s  easy t.o show that the linear , 

1 , ~  ( 3 )  has a ' loeplitz plus Halllie1 slruct,ure. 'I'his 

for some M + 1 points iu', in t,lie set >Y, it. is clear bl ia~,  
the "don't, care" least squares optimum solut,ion has 
a weighted error that  achieves at  least^ il.' + 1 local 
extreiiia with alteriiat,iiig sign imide t,he set, u;=~ I ,  
In other words it satisfies exactly coiiclitioii 1 )  of . lhe-  
oreiii 1. 

Summarizing, we have t,liat tlie "don't care" least 
squares optimum solution 11.d is first. of all easily con-  
put,able because of its special l'oeplit,z plus fladi(?l 
struct.ure, secoiid it sahfies  exact,ly the most. dil-fi- 
cult, coiidit,ioii of t.he Alteriiat,ioii 'I'lieorem and t,hird 
from pract,ice it. is known that, it appcoxiniat,es the  
secoiid coiidiiioii of t,he Alt,eriiatioii 'I'heorcaiii. It. call  
thus be colisiderecl as a good caiidiclat,e for iiiibiaiiz- 
iiig the REA. 

4 Exainples 

By iiiodifyiiig the Matlab function RE:/2.iL'i: t,o accept 
our iiiitializatioii scheiiie we desigiiecl a large number 
of lowpass and bandpass filters with varying weights 
in  each band. We coiisiclered filt.er ieiigt,lis rangin:: 
from 21 up t,o 201. In all cases t,he R E A  wi{81i t.lie 
new iiiitializat,ioii scheme. required from 40%) t,o 85%! 
less iterations bo converge as compared t.o blie classi- 
cal iiiit,ializatioii scheme. Some results ob(aincc1 lroin 
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t.lw applicatioii of t,he proposed iiiit,ializat,ioii scheiiie 
are coiitaiiied iii ‘I’able 1 aiid ‘lable 11. Specifically, in 
‘Lahle 1 present, t,lie iiuiiiber of it,cratioiis needed 
bj: the H.LA to converge under the t r o  iiiitializatiori 
sclieines for ditfereiit, specificat,ioiis or a lowpass fil- 
t,er. ’I’he width of t,lie traiisitioii band of the filters, 
in all cases. \vi\s 0.1, Froin the last, column of ‘Ya- 
hlc I me caii easily conclude that vvith the proposed 
scheme we have a sigiiificaiit, speed I I ~  of REA. ‘La- 
hlc 11 coiit,aiiis t h e  resnlt,s obtaiiied froin the desigii 
of a iiniiihei of handpass lilkrs. For all cases the two 
transition huiicls liar1 witlt,li equal lo 0.1, Again for 
t,liis t,ype of fi lkrs t,he proposed iiiit,ializatioii scheiiie 
sigiiiiicaiitmly iiiiprovcs t,lic> convergence speed of the 
II EA. 

‘3 
8 
14 
10 
9 

12 
IO 
8 
9 
9 
12 
10 
10 
10 
10 
13 
10 
10 
11 

Filtei ‘ 
2 N  + 1 

101 

121 

111 

101 

181 

201 

4 55.6 
4 50.0 
4 T1.4 
ij -10.0 
5 -I 1.5 
5 58.3 
1 ij0.0 
4 50.0 
4 55.6 
1 55.5 
5 58.3 
4 60.0 
5 50.0 
6 40.0 
5 50.0 
5 61.5 
4 60.0 
4 60.0 
4 ij3.6 

- 
?CR - 

9 
0.1 
(1.2 
0.3 
0.4 
0.5 
0.1 
0.2 
0 . 3  
0.4 
0.5 
0.1 
0.2 
0.:3 
0.4 
0.5 
0.1 
0.2 
0.:1 
0.4 
0.5 
0.1 
0.2 
0.3 
0.4 
0.5 
0.1 
0.2 
0.3 
0.4 
0.5 

- 

- 

- 

- 

- 

- 

- 

~ 1 0 

1 3 5 

13 4 
11 

66.7 
69.2 
63.6 
54.5 
10.0 
54.5 
68.8 
61.5 
T1.4 
69.2 
63.6 

Table I. huiiiber of itevatioiis required by the REA 
t,o converge iiiicler the pi~olmsetl a i d  1,lie exist,iiig ini- 
t,ializatioii sclreirie for diltbreiit lowpass filter specifi- 
cations. 

5 Conclusion 

CVe have sliown bhat the “don’t, care” opt.iiiiuiii solu- 
tion g ~ i t r i ~ ~ ~ k e s  (,lie esis(,c.iice of t,lie iiecessary iiuiii- 

ber of, alt,eriiat,iiig in sign, est,reiiia requirccS by t,hc 
Alteriiatioii ‘Theorem, t,lius satisfyiiig oiie of t,liP t.wu 
basic coiidit,ioiis of this t,lieorem for the tlet~eriiiiiia- 
tioii of the L ,  optimum solution while at t,lie same 
time it, approxiiiiat,es suficieiitly close blie secoiid 
condition. Because of t,liese propert,ies (11e -clol1’t 
care” least squares optiiiiuiir solut,ion: if used as a n  
iiiitializatioii sclieiiie for t.he Keiiiez excliaiige a l p  
ritlim, results in a significant. increase of‘ i i s  coiivrr- 
geiice speed as it. was demoiist~nat.ed by a nuinbev or 
filt,er desigii examples. 

Table 11. Nuiiiber of it,erat,ioiis rcquired 11). t,lic H L i \  
to converge iuider the proposed aiid t,he existiiig ini- 
tializat,ioii scheiiie for differelit. handpass filter speci- 
fications. 
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