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Abstract—We study the problem of testing between a sparse
signal in noise, modeled as a mixture distribution, versus pure
noise, with finite alphabet observations. We study the consistency
and adaptivity of the tests as the mixture proportion tends to
zero with number of observations. The finite alphabet assumption
allows for application to inherently categorical data, where no
useful ordering relationship on the alphabet typically exists. We
construct and analyze a divergence-based adaptive test for finite
alphabets and validate it on a quantized Gaussian signal detection
problem.

Index Terms—Detection theory, large deviations, error expo-
nents, sparse detection, likelihood ratio test

I. INTRODUCTION

We consider the problem of detecting an unknown sparse
signal in noise, modeled as a mixture, where the unknown
sparsity level decreases as the number of samples collected
increases. Of particular interest is the case where the signal
strength relative to the noise power is very small. This problem
has mostly been studied in the case of standard Gaussian noise
with a Gaussian signal [1|-[3] along with some extensions for
non-Gaussian, but real-valued, signal and noise models [4]—
[6]. The central results in the literature consist of conditions
on the signal and noise such that the detection problem can
be solved with vanishing error probability (or impossibility,
thereof) and construction of adaptive tests that can be used to
detect the unknown signal with only knowledge of the noise
statistics. Applications include covert communications [3], [7]—-
[O], computational biology [10]], [L1]], astrophysics [12] and
machine learning [[13]].

In this paper, we focus on signals defined on a finite set
(alphabet). The finite alphabet assumption allows for appli-
cation to categorical data, which often occurs as features in
machine learning or symbols in a communications constella-
tion. These signals typically do not possess an ordering, so
a straightforward application of real-valued techniques is not
always sensible. Finite alphabets also arise from quantizing
data from a larger (possibly uncountable) alphabet for reduced
storage, communication and/or computational complexity. The
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quantization of a real-valued signal will be considered further
in Sec. where we see quantizer designs can have a large
effect on detector performance.

Our contributions are conditions for when the detection
problem is impossible and a characterization the rate of decay
of the false alarm and miss detection probabilities for an oracle
test when the problem is possible in Sec. In contrast to the
problem of testing between n i.i.d. samples from two fixed
distributions, where the error probabilities behave as e "
where ¢ is determined by the Kullback-Leibler divergence
between the hypotheses [14], [15]], the finite mixture detection
problem exhibits subexponential decay. We complement the
oracle test analysis with theoretical and numerical analysis of
a simple adaptive test with competitive error performance (Sec.

and [V1).

II. PROBLEM SETUP

Let {fon},{f1,n} be sequences of probability mass func-
tions (PMFs) on the finite alphabet X'.

We consider the following sequence of composite hypothesis
testing problems with sample size n, called the finite (sparse)
mixture detection problem:

Hom : X1,..., Xy ~ fo,n iid. (null) (1)

Hin X1y, Xn ~ (1 =€) fon + €nfi,n 1id. (alternative)
2
where {fo,,} is known with full support and {f1,,} is from
some known family of sequences of PMFs F and {e,} is a
sequence of positive numbers (called the sparsity level) such
that €, — 0. We will also assume ne,, — oo so that a typical
realization of the alternative is distinguishable from the null.
Let Pg,,P1, denote the probability measure under
Ho,n, H1,n respectively, and let Eg ,,, E; ,, be the corresponding
expectations with respect to the particular {fo.,}, {f1.n} and
{€n}. When convenient, we will drop the subscript n. We
can think of f;, as a signal distribution and fy, as a noise
distribution. Thus, we are concerned with the problem of
detecting a sparse signal with on average a fraction of ¢,
components of signal and the remaining components as noise.



Let L, £ ﬁ" be the likelihood ratio between the signal and
noise. "

A hypothesis test d,, between Hg,, and H; ,, is a function
On ¢ (21,...,2) — {0,1}. We define the probability of
false alarm for a hypothesis test d,, between Hg ,, and Hy ,
as Pra(n) £ Pgn(8, = 1) and the probability of missed
detection as Pyp(n) = Py, (6, = 0).

A sequence of hypothesis tests {d,, } is consistent if Ppa (n),
Pvp(n) — 0 as n — oco. We say we have a rate characteri-
zation for a sequence of consistent hypothesis tests {d,, } if we
can write

lim log Pra(n) — e lim log Pyp (n) _

n—oo (o (n) n— o0 g1 (n)

where go(n),g1(n) — oo as n — oo and 0 < ¢,d < co. The
rate characterization describes decay of the error probabilities
for large sample sizes. All logarithms are natural. For the
problem of testing between i.i.d. samples from two fixed
distributions, the rate characterization has go(n) = ¢g1(n) =n
and c,d are called the error exponents [14]]. In the mixture
detection problem, gy and g; will be sublinear functions of n.
The log-likelihood ratio between H; ;,, and Ho ,, is

—d (3

LLR(n) = > log(1 — €, + enln(X)). )
i=1
In order to perform an oracle rate characterization for the
mixture detection problem, we consider the sequence of oracle
likelihood ratio tests (LRTs) between Hg ,, and Hy ,, (i.e. with
€n, fO,na fl,n kIlOWI])Z

(X1, ...

X2 {1 LLR(n) >0 )

0 o.w.

It is well known that (5) is optimal for testing between
Ho,» and H;, in the sense of minimizing w
which is the average probability of error when the null and
alternative are assumed to be equally likely [14]. It is valuable
to analyze Ppa and Pyp separately since many applications
incur different penalties for false alarms and missed detections.

k]

III. ORACLE RATE ANALYSIS

In this section, we analyze the error probabilities of the
Likelihood Ratio Test given by ().

We first define some notation. A sequence a,, is = O(by,)
if limsup,,_, .|| < C for some constant C' > 0. If C =0,
then a,, = o(by,). If a,, = O(by,) then b, = Q(a,). If a, =
o(by), then b, = w(ay). If a, = O(b,) and a, = Q(b,),
then a, = ©(b,). We use E[; S| = E[-1g] as a convenient
shorthand.

For the purposes of presentation, we assume the alphabet X’
can be partitioned into sets Xy, X1, X, where

Xo={x e X :¢e,L,(z) =0(1)}
Xy ={zxeX el,(z)=06(1)}
Xo ={z € X :6,Ln(z) =w(1)}.

This partitioning is sufficiently general to include almost all
cases of interest. Note Pg,[Xy] — 1. By inspecting the
LRT test statistic (@), for sufficiently large n, we see that
samples from X;, X, always contribute positively the LLR,
whereas samples from Xy may provide positive or negative
contributions to the LLR depending on if €,(L, — 1) > 0 or
otherwise. We will also assume that for x € X,,, we have
enln(z) = O(n°) and €,L,(7) = w(n?) for some c,d > 0,
i.e., the likelihood ratio between the signal distribution and
noise distribution grows polynomially. This assumption pre-
vents degenerate behavior in Thm [3.1] and Thm [3.2] such as
fon(z) =e 2 and fi,(z) = e ™ for some = € Xx.

Our first result is for “weak signals”, where the error
behavior is determined by the behavior of the hypotheses on
Xo.

Theorem 3.1: Assume that €,P s [X1 U Xs] = o(e2D2)
where D? = Eg[(L, — 1)?; &y]. Also, assume ne2 D2 — oo

and )
maXgzex, log (1 + En(Ln - 1))

0. 6
ne2 D2 - ©)
Then,
. 10g PFA(TL) T log PMD(TL) o 1
dm = epe A e, Ty @

If @) is violated, the equalities and limits in (/) can be
replaced by < and lim sup, respectively.

Proof: We sketch the argument for Prpa. The results for
Pup follow by a change of measure to the null distribution.
When X = &), this result is a direct application of Theorem
3.1 from [6]. Let A, (s) = Ep[(1 4+ e, (Ln(X1) — 1))°]. A
Chernoff bound furnishes Ppa (n) < A, (s)" for any s € [0, 1].
Calculating A, (s) by applying a Maclaurin series for Xy
and changing measure to f; , by multiplying and dividing
the integrand by €,L, on X; U X, shows that A,(s) =
1— 202502 D2 (1 4 o(1)). Choosing s = 1/2 establishes an
upper bound on the rate. The corresponding lower bound is
established by changing measure to the tilted distribution

flay = e = o) ®)
where s, = argmin,eg 1] An(s). Under the assumptions of
the theorem, it can be shown that log(1 + €,(L,, — 1)) has
mean zero and variance o2 = ©(e2D2), and the Lindeberg-
Feller Central Limit Theorem shows that %;") converges to a
standard normal distribution. Proceeding 51mil'§1rly to Cramer’s
theorem (Thm 1.4, [16]) or the lower bound in Theorem 3.1
from [6] establishes the lower bound. [ |

The condition is automatically satisfied if X, = () or

D2 = w (@ . Note that even in the absence of this
condition, our rate guarantee holds modulo a small polyloga-
rithmic backoff from the detection limit given in Thm. [3.3]

Our next result is for “strong signals”, where the error
behavior is determined by the behavior of the hypotheses on
A1 U X

Theorem 3.2: Assume that €,Pf, [X1 U Xy] = w(e2D2)
and ne, Py, [X1 U Xoo] — 0.



Also, assume that
maXzex,, log?(1 + €n (L, — 1))
ne2 D2 + ne, Py, [X1] + nlog ne, Py, [Xs]
Then,
log Pra(n) log Pyp (n)
nenP s (X1 U X nen Py, [X1 U X

where ©(1) denotes some quantity upper and lower bounded
by positive constants. If () is violated, then equalities in (IO}
can be replaced with < signs and ©(1) a positive constant.

Proof: We sketch the argument for Ppa (with Pyp
following by a change of measure to the null). The upper
bound is a similar to Thm [3.I] A similar argument shows
An(s) = 1 — se,Pp [X1 U X]O(1), which provides an
upper bound on the rate via the Chernoff bound. Note when
Py [X1] = o(Pf,[Xx]), Theorem 3.2 in [6] shows the ©(1)
quantity is at least 1.

For the lower bound, we proceed by changing to the same
tilted measure used in Theorem The main challenge in
establishing the lower bound is estimating the contribution to
the variance of the log-likelihood ratio of one sample under the
tilted measure from X,. By convexity and differentiability of
A, (Lemma 2.2.5, [15]), A/, (sn) = Eg[log(1+€,(L,—1))(1+
€n(Ln, — 1))®*~] = 0. Using this relationship, we can approx-
imate s,. Using this approximation, we can show under the
tilted measure, log(1+¢,(L,, —1)) has mean zero and variance
02 = O(1)e2D2 + O(1)e Py, [X1] + O(1) log ne, P, [Xso)-
Applying the assumption (@) allows the remainder of the proof
to proceed similarly to Thm 3.1 ]

Note that the conditions of the theorem are automatically
satisfied so long as €, P, [X1 U Xo] = w(logn/n). As in the
case of we only require a logarithmic backoff from the
detection limit given in Thm. 3.3]

Our final result provides conditions under which detection
is impossible by analyzing the Hellinger distance as in [5]].

Theorem 3.3: Consistent testing is possible if and only if
ne2D2 — oo or ne,Pp [X1 U Xx] — oo. Moreover, if
consistent testing is not possible, infs  Ppa(n)+Pyp(n) — 1
where the infimum is taken over all collections of tests {d,}.

Proof: Let f,g be two PMFs on X, and
define the Hellinger distance to be H(f,g9) =

> vV fx) —/g(x))2. The “if” direction is proved by
the upper bounds in Thm. [3.1) and 3.2} The “only if” direction
is proved by showing H2(fo.n, (1 —€n) fo,n + €nfin) = o(2)
if the consistency conditions are violated, which implies
inf(;n PFA(TL) + PMD(TL) — 1 as in [5]. |
The implications of this theorem are that whenever the LRT
(@) is not consistent, no test gives better error probability than

flipping a fair coin.

-0

=-0(1). (10)

IV. ADAPTIVE TESTING

We consider the following test for when fj ,, is known but
{€n, f1,n} are not:

1 D(ﬁanO,n)za’n
0 ow.

5n(X1,...,Xn)é{ an

o r i Llix—a] . .. .. .
where p,(z) = % is the empirical distribution of

the observations and D(f|lg) = > 4 f(x) 1og% is the

Kullback-Leibler (KL) divergence between f and g [14].

We will assume a,, is a sequence tending to zero such that
|X]log(n+1)

an > oy .

Note that the adaptive test only uses the empirical distribu-

tion, knowledge of the null distribution and the choice of a,,
to make a decision (whereas the LRT (5) uses knowledge of
€y, and f1, and therefore is not always practical). A larger
choice of a,, improves the rate of false alarm at the cost of
possibly excluding some possible {¢,, f1,} pairs from being
detected. Due to space constraints, we will assume 1’;:’;1 — 00.
The adaptive test is a variant of Hoeffding’s test [[15]].

Theorem 4.1: Assume X = Xj. Then, (11) satsifies:

1) (Known alternative hypothesis) lim,,_, % =
—Lif g, = %La (14 o(1))
2) (Unknown alternative hypothesis)

T log Pra (1) 1 _ (272
hmbupn_wo W S -3 if QAp = O(EHD")

A. Proof Sketch for Rates for Adaptive Testing

Sanov’s theorem [15]] furnishes the following upper bound

on the behavior of p,, lying in a set S when X,...,X,, are
drawn i.i.d. from distribution g on finite alphabet X:
Pylpn € S] < (n+ 1)|X|67ninfv€S D(vllg) (12)

There exist distributions where the behavior predicted by
Sanov’s theorem is essentially tight [[17]], so we conjecture that
the performance of the test given by (I1)) cannot be refined
significantly beyond what is presented in this work.
Applying Sanov’s theorem shows that for the test (TT)),

log P
Jim sup 128 PEA ()

n— 00 nan

~1. (13)

In order to study the rate under the alternative, we compute
the exponent of (I12) with S = {6,, = 0} and
9= (1—e€n)fon+€nfin, bn. A standard argument (Problem
2.14, [18]]) shows that the solution to

D(U”(l - 6”)f0,n + anl,n)v (14)

= inf
v:D(v|[fo,n)<an
which specifies the rate under the alternative, is given by:

1) If an 2 D((]- - 6n)f(),n + Enfl,anO,n)’ bn = 0
2) If a, < D((1 — €n) fo,n + €nfinl|fon), then for some

ap, € (0,1],
A1 —ap) B
A (1 — )

—log A (1 —ay) =b,. (16)

—on Ap(l = ay)
By applying (12)), we see (TI)) is consistent with rate given by

log P
hmsupw <1 a7
n—o00 nbn
if 2b» — oco. The rate for the case where 2= = O(1) is
gn ogmn
treated similarly to the case where 17:);7;1 # 00.




V. DETECTION OF QUANTIZED DATA

Many data acquisition systems operate by quantizing data
to a fixed set of levels for storage or transmission. Prior
to analyzing the data, the quantizer levels are reconstructed
to approximate the original data and analysis designed for
the original data is applied. This method of analysis can be
suboptimal, since after quantization, all the information in
the sample is encoded in the levels. Thus, testing based on
the quantizer levels can lead to simpler (and possibly more
powerful) tests than on the reconstructed data. An application
is a sensor network quantizing a real-valued observation to
send to a fusion center. We give some results based on our
prior developed theory for detection of Gaussian mixtures via
1-bit quantization.

Consider the problem of detecting between

Hom ¢ X1,..., X, ~ N(0,1) iid. (18)

Hin: X1, 0, X0~ (1 —€,)N(0,1) 4+ €, N (ptn, 1) i.ind.
19)

where ¢, = n~? for some 3 € (0,1) and p, is a positive
sequence. This mixture detection problem is known as the
Gaussian Location Model (GLM).

The problem of when consistent tests exist has been well
studied:

Theorem 5.1: ( [2]-[4]) The boundary of the detectable
region (in {(en, itr,)} space) is given by (with €, = n=5):

1) If 0 < B < 1/2, then ficpir, = n°~1/2. (Dense)

2) If 1/2 < B < 3/4, then peritn = 1/2(8 — 1)logn.

(Moderately Sparse)
3) If3/4 < B < 1, then fierit.n = /2(1 — /T — B)2logn.
(Very Sparse)

If pn, > perie,n for all n sufficiently large, Ppa(n) +
Pup(n) — 0 for the likelihood ratio test (3). Otherwise, any
sequence of tests satisfies Pga(n) + Pyp(n) — 1.

In this section, we study the effects of quantization via the
n-dependent quantizer

qn(x) = 1{z>cn} (20

where ¢,, is a non-negative sequence.
2
Let Q(z) = \/% f;o e'*“? '/ 2dx denf)te the complement?lry
normal cumulative distribution function. Then, the testing
problem on quantized data is given by the following finite

mixture detection problem:

€En = niﬁv fO,n = [1 - Q(Cn)v Q(Cn)]
fl,n = [1 - Q(Cn - M7L), Q(cn - ,un)] (21)

Our first result concerns fixed quantizers, where Thm is
applicable:

Theorem 5.2: Assume the quantizer is fixed independent of
n,ie. c, =c Let D2 = (Q(e)=Q(c—pn))? + (Qe)=Q(c=pn))?

1-Q(c) Q(c)

Then, (©) applied to the quantized data is consistent if and

only if 3 < 1/2 and ne2 D2 — oo. Moreover, the rate of (3]
is given by

log Pra(n) ~ lim log Pyp (n) _ 1 22)

ne2 D2 n—oo  ne2D2 8
The quantizer ¢, = 0 leads to a consistent test for the entire
dense detectable region, but the quantized has suboptimal rate
compared to the unquantized test (since the quantizer does not
differentiate between large and small x, when large = are more
likely under the alternative) [6].

Our second result concerns quantizers whose levels can
depend on n:

Theorem 5.3: Assume the quantizer is defined by the se-
quence ¢, = +/2logn. Then, for p, = +/2rlogn where

(1 —T=P5)? < r < 1, the test specified by () applied
to the quantized data is consistent and satisfies

lim

n—oo

hm log PFA(n) = hm log PMD(n) = -1
n—oo ne,Q(v2logn — pn)  n—oo ne,Q(v2logn — pn) -
(23)
If » > 1 or p, = w(y/logn), then
log P log P
lim 08Pea(®) _ oy losPun(n) _ oy

n— oo NEy n—r00 Ney

Otherwise, the test is not consistent.

In this case, Xy = {0} and Xo = {1} and Thm can be
applied. The threshold ¢,, = v/2logn corresponds to the mean
of the maximum of a standard normal vector of length n. The
detectable region is consistent with thresholding the sample
maximum at level y/2logn for detection [3]].

VI. NUMERICAL EXPERIMENTS

In this section, we illustrate our rate characterization by an
example of 1-bit quantization of a Gaussian model. Consider
the GLM given by (I8) and (19) with €, = n=%35 and p,, =
2. We study the performance of the the 1-bit quantizer with
threshold ¢, = 0 specified by (21). The rate characterization
of the error probabilities for the LRT is stated in Thm The
rate characterization of the adaptive test proposed in Sec.
is given in Thm @.1]

The performance of the LRT and adaptive test with threshold
selected to match the false alarm rate of the LRT is shown in
Fig. [1| for sample sizes up to 1.5 x 107. The error probabilities
were computed exactly by noting that the error events are
determined by the number of quantized samples that equal 1
(which follows a Binomial distribution under both hypotheses)
and using the Binomial distribution function. We see that
the slope of the log-error probabilities is —0.13 whereas the
prediction of Thm.[5.2]and Thm.[4.T]is —0.125. Note that while
the adaptive test has the same observed rate, its false alarm and
miss detection probabilities are slightly higher than the LRT
and the gap does not appear to grow with sample size. These
results indicate that our theory accurate at reasonable sample
sizes.

The performance of the adaptive test with an adaptive
threshold selection a,, = n~°9 is given in Fig. 2| for sample
sizes up to 1.5 x 107. The error probabilities were computed
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Fig. 1: Simulations of error probabilities in the 1-bit quantized
GLM (1) for €, = n=%35 1, = 2. The adaptive test (TT)
threshold is set to to match false alarm rate of the LRT (3).

35 2.0 25 5.0 a0 60 80 100 120
o ne2D;

(a) False Alarm (b) Miss Detection

Fig. 2: Simulations of error probabilities in the 1-bit quantized
GLM (1) for €, = n=%35 1, = 2. The adaptive test (TT)
threshold is set to a,, = n =", independent of any knowledge
of the alternative.

identically to the prior to example. We see the log-false
alarm probability behaves as —1.1n%! (which is close to the
predicted —n®-!), whereas the slope of the log-miss detection
probability is —0.31ne2 D? (versus the predicted —0.5ne2 D?).
We expect better agreement with our theory for larger sample
sizes. Note that while the false alarm probability is much
higher in Fig. 2] than in the oracle threshold setting of Fig.
[} the adaptive threshold provides error probabilities that are
small enough for most practical applications. The larger false
alarm probabilities of the adaptive test allow for much smaller
miss detection probabilities than the LRT in Fig. [T}

VII. CONCLUSIONS

In this work, we have presented an oracle rate analysis for
error probabilities and adaptive test construction for detecting
a sparse mixture of signal and noise from pure noise on a
finite alphabet. Our adaptive test construction is competitive
with the oracle test at reasonable sample sizes, and both tests
have good agreement with our asymptotic predictions.

There are several interesting avenues of extension. One is the
analysis of mixture detection problems on countable alphabets
or growing finite alphabets. Some relevant large deviations
results in this case are presented in [6f], [17]. Another is
analysis of other tests, such as a x? goodness-of-fit test, which
replaces the KL divergence in (TT) with a y2-divergence. It

is reasonable to expect based on Thm [A.] that this test will
have good rate performance as well in some cases. Based on
Sec. [Vl we raise the question of how to design quantizers if
detection is the primary goal, with only knowledge of the null
distribution. This problem has been treated in related contexts
[19]. Finally, restricting F to have some parametric structure
may lead to some interesting extensions in the large-alphabet
regime, as in [20].
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