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ABSTRACT

Decentralized sequential decision making
with asynchronous communication

Georgios Fellouris

We consider three statistical problems — hypothesis testing, change detection and
parameter estimation— when the relevant information is acquired sequentially by
remote sensors; all sensors transmit quantized versions of their observations to
a central processor, which is called fusion center and is responsible for making
the final decision. Under this decentralized setup, the challenge is to choose a
quantization rule at the sensors and a fusion center policy that will rely only on
the transmitted quantized messages.

We suggest that the sensors transmit messages at stopping times of their ob-
served filtrations, inducing in that way asynchronous communication between sen-
sors and fusion center. Based on such communication schemes, we propose fusion
center policies that mimic the corresponding optimal centralized policies. We prove
that the resulting decentralized schemes are asymptotically optimal under differ-
ent statistical models for the observations. These asymptotic optimality properties
require moderate, or even rare, communication between sensors and fusion center,

which is a very desirable characteristic in applications.



Table of Contents

1 Introduction

1.1 The decentralized sequential setup . . . . ... ... ... ... ..
1.2 Communication schemes . . . . . . . .. ... ... ...
1.3 Sequential hypothesis testing . . . . ... ... ... ... .....
1.4 Quickest detection . . . . . . . ... ... . L o
1.5 Sequential parameter estimation . . . .. ... ... ... ... ..
1.6 Wald’s identities . . . . . . . . . .. L

1.6.1 Discrete-time techniques . . . . . . . .. ... ... ... ..

1.6.2 Continuous-time techniques . . . . . . . .. ... ... ...

2 Decentralized sequential testing
2.1 Sequential testing under a centralized setup . . . . . ... .. ...
2.1.1 The case of Ito processes. . . . . . . . . .. ... ... ...
2.1.2  SPRT for jump-diffusions . . . . ... ... ... ... ...
2.1.3 SPRT in discrete-time . . . . . . .. ... ... ... ....
2.2 Decentralized sequential testing for It6 processes . . . . . .. . ..
2.2.1 Communication scheme and quantization rule . . . . . . . .
2.2.2 Fusion center policy . . . .. ... ... ... ...
2.2.3  Asymptotic optimality of order 2 . . . . . .. ... .. ..
2.2.4 Comparison with the discrete-time centralized SPRT . . . .
2.2.5 Rare communication / many sensors . . . . .. .. ... ..

2.2.6 Level-triggered communication as repeated local SPRT’s . .

© O

11
12
13
14

17
17
19
24
26
27
28
29
31
32
33
34



2.2.7 Specification of the thresholds . . . . . ... ... ... ...
2.2.8 Time-varying thresholds . . . . . . .. ... ... ... ...
2.2.9 Non-parallel boundaries . . . . .. .. .. ... ... ....
2.3 Decentralized sequential testing for jump-diffusions . . . . . . . ..
2.3.1 Overshoot accumulation . . . . . . . ... .. .. ......
2.3.2 D-SPRT for jump-diffusions . . . . . ... ... ... .. ..
2.3.3 Asymptotic optimality and design implications . . . . . . .
2.4 Decentralized sequential testing in discrete time . . . . . . . . . ..
2.4.1 Level-triggered communication and overshoot effect
2.4.2 Asymptotic optimality and design implications . . . . . ..
2.4.3 Oversampling and order-2 asymptotic optimality . . . . . .
2.4.4 Proof . . . ...

Decentralized quickest detection

3.1 Quickest detection under a centralized setup . . . . . . .. .. ...
3.1.1 The case of It0 processes. . . . . . . . . .. ... ... ...
3.1.2 CUSUM in discrete-time . . . . . . . ... ... ... ....

3.2 Decentralized quickest detection. . . . . .. .. .. ... ... ...
3.2.1 The case of It0 processes . . . . . . . . . .. ... ... ...

3.2.2 D-CUSUM in discrete time . . . . . . . . . . . . .. ....

Decentralized parameter estimation

4.1 Centralized parameter estimation . . . . .. ... .. ... ....
4.1.1 The Browniancase . . . . . . .. .. ... .. .. ... ...
4.1.2 Ornstein-Uhlenbeck type processes . . . . . . .. ... ...

4.2 Decentralized parameter estimation . . . .. ... ... ... ...
4.2.1 The Browniancase . . . . . . .. .. ... .. .. ... ..
4.2.2 Ornstein-Uhlenbeck type processes . . . . . . .. ... ...

4.3 Correlated sensors . . . . . .. ..o
4.3.1 The Browniancase . . . . . ... .. .. .. ... ...,

4.3.2 Correlated It6 processes . . . . . . . . . ... ... ... ..

ii

67
67
70
72
73
73
79



5 Conclusions 108

Bibliography 110

iii



List of Figures

1.1
1.2

2.1
2.2
2.3
24
2.5
2.6
2.7
2.8
2.9
2.10
2.11
2.12
2.13
2.14

3.1
3.2
3.3
3.4

The decentralized setup . . . . . . . ... .. ... ... ......

Sensor Network . . . . . . . . . . .

Sensor Network . . . . . . . . . . ... ...
A realization of the SPRT . . . . . . . . ... ... ... .. ....
ARL curve of the SPRT for It6 processes . . . . . ... ... ...
Discrete-time SPRT . . . . . . .. .. ... .. ... ...
Level-triggered communication . . . .. ... ... ... .. .. ..
Fusion center local approximations . . . . ... ... ... .....
D-SPRT versus SPRT . . . . ... .. ... ... ... .......
Event-triggered communication with linear boundaries. . . . . . . .
Local approximations at the fusion center . . . . . ... ... ...
Overshoots in level-triggered communication . . . . . . . . ... ..
Fusion center approximation in discrete-time (continuation of 2.10)
Small vs. Large Thresholds and overshoot effect . . . . .. .. ..
Small vs. large Thresholds and overshoot effect. . . . . . .. .. ..

Performance of centralized and decentralized tests for Brownian Mo-

Sensor network . . . . . .. ...
The CUSUM test for Itd processes . . . . . .. .. ... ... ...
False alarm period v and optimal performance J(S,) as functions v

D-CUSUM versus CUSUM . . . . . . . . . . . i .

v

56

68
71
72
79



4.1 Sensor Network . . . . . . . . . . . .. ... ... 86
4.2 Two Brownian paths . . . . . .. ... ... o 0L 87
4.3 Local MLEs and global MLE . . . . ... ... ... ........ 88
4.4  Ornstein-Uhlenbeck paths and their observed (Fisher) informations 90
4.5 Global MLE as a weighted average of the local MLEs with random
weights . . . . .. oL 90
4.6 Sequential MLE . . . . . . . . ... ... .. ... .. .. 92
4.7 Level-triggered communication in the Brownian case . . . . . . . . 95
4.8 D-MLE in the Brownian case . . . . . ... ... ... ....... 96
4.9 D-MLEinthe OUcase. . . . ... ... .. .. ... ... ..... 99
4.10 D-MLE vs MLE inthe OU case . . . . . . . ... .. ... ..... 99
4.11 Feedback from the fusion center . . . . . . . .. ... ... ... .. 106



Acknowledgments

First and foremost, I would like to thank Prof. George Moustakides for his constant
and active support, guidance and help. The first two of the three problems in this
thesis are based on our joint work and have been motivated by his ideas, whereas
his feedback on the third problem has been very important. This dissertation
would never have been possible without him.

However, it would be wrong to limit to this dissertation the influence that
Prof. Moustakides had on me. Our collaboration generated a lot more projects
and opened my research horizons. Despite the geographical distance, I had the
opportunity to learn so many things from him. The depth of his knowledge, his
dedication to the field of sequential detection, the originality of his thought and the
elegance of his work have been and will continue to be great sources of inspiration
for me.

I also want to thank my advisor, Prof. Ioannis Karatzas, who believed in me
since I was a student in Greece, encouraged me to continue my Ph.D. studies at
Columbia University and provided precious feedback to my research efforts. My
interaction with him and his lectures have been extremely precious experiences.
His enthusiasm, deep knowledge, hard work and extraordinary lecturer skills have
inspired and influenced me in a profound way.

I am indebted to Profs. Venugopal V. Veeravalli, Victor De la Pena and David
Madigan for their participation in my dissertation committee. Their comments
before and during my defense, together with those of Profs. Karatzas and Mous-
takides, have improved significantly the essence and the presentation of this thesis.

I need to thank Columbia University and the Department of Statistics for

their moral and financial support and for providing such a stimulating learning

vi



environment. I had the privilege to be taught by inspiring and wonderful teachers,
who helped me appreciate and understand in depth probability and statistics.
Special thanks should go to Prof. Zhiliang Ying, who was always available to listen
my thoughts and answer my questions, Prof. Andrew Gelman, whose approach
to applied statistics and the teaching of statistics has influenced me a lot, Prof.
David Madigan, who taught me a lot while I was at the statistical consulting office.
Moreover, I should add that it was a great pleasure to attend the classes of Profs.
Mark Broadie, Paul Glasserman and loannis Kontoyiannis.

I also want to thank all my friends in the Statistics Department (and not only),
with whom I had stimulating discussions about probability and statistics (and not
only) and whose company made my life as a student nicer. Special thanks should
go to Dood, Anthony and Faiza for always being so helpful and also to Olympia
Hadjiliadis, whose energy and passion inspired me to choose to do research in the
field of sequential analysis.

Finally, T want to thank my parents, Anargyro and Eleni, and my brother,
Aggelo, for their encouragement and immense emotional support, which has been
crucial at bad and good times. Last but not least, I need to thank my girlfriend,
Alexandra Chronopoulou, for her patience, understanding, support and friendship

all these years.

vii



To my parents

viii



CHAPTER 1. INTRODUCTION 1

Chapter 1

Introduction

1.1 The decentralized sequential setup

The study of sequential statistical problems started with the pioneering work of
A.Wald [63], which was motivated by the need for efficient sampling schemes during
World War II. Since then, there has been an enormous literature in sequential
methods and sequential analysis has become one of the most mature areas in
theoretical and applied statistics ([22], [42], [53]).

The main characteristic of a sequential problem is that the horizon of observa-
tions is not fixed in advance. Thus, apart from a decision rule for the underlying
statistical problem, the designer of a sequential scheme must also choose a stopping
rule which will determine when he should stop collecting observations.

The choice of a sequential policy is characterized by the following trade-off; a
quick decision allows any necessary action to be taken in time, however a longer
horizon of observations provides more information and leads to a more reliable
decision. Thus, the main goal in any sequential problem is to solve optimally this
trade-off.

In this thesis we study three statistical problems — hypothesis testing, change
detection and parameter estimation— when the available information is acquired
sequentially by remote sensors; all sensors communicate with a central processor

(fusion center), which is responsible for making the final decision.
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When the sensors transmit all their observations to the fusion center, as it
is typically assumed in the classical theory of sequential analysis, then all the
relevant information is available to the decision maker and we say that we are in
a centralized setup.

However, a centralized setup is often non-realistic due to practical considera-
tions, such as the the need for data compression, smaller communication bandwidth
and robustness of the sensor network. These are crucial issues in application areas
such as signal processing, mobile and wireless communication, multisensor data
fusion, internet security, robot network and others [57]. In all these applications,
the fusion center receives only partially the sensor observations. For that reason,
we assume that each sensor needs to quantize its observations before transmitting
them to the fusion center. In other words, each sensor must send to the fusion
center mesagges that take values in a small-size alphabet. In this case, we say that
we are in a decentralized setup.

Therefore, apart from a sequential scheme at the fusion center, the decision
maker —under a decentralized setup— must also choose a communication scheme
at the sensors. A communication scheme consists of a sampling rule and a quanti-
zation rule. The first one determines the times at which the sensors communicate
with the fusion center, whereas the second specifies how the sensors quantize their
observations.

It is important to stress that the overall goal is not to optimize (in some sense)
the communication between sensors and fusion center, but to solve the under-
lying sequential statistical problem under the above communication constraints.
However, it is clear that the fusion center policy depends heavily on the chosen
communication scheme, since the decision maker can use only the available infor-
mation at the fusion center in order to determine its stopping rule and decision
rule.

Ideally, we would like to find a decentralized sequential scheme that minimizes
a certain performance measure over all admissible communication schemes and

fusion center policies. This is very difficult (essentially impossible) at this level of
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Figure 1.1: The decentralized setup

generality, therefore we resort to asymptotically optimal decentralized sequential
schemes.

Thus, if S is the optimal centralized sequential scheme with respect to a certain
performance measure 7, then a sequential scheme S will be asymptotically opti-
mal, if 7[S]/J[S] — 1 as the horizon of observations goes to infinity. However, in
our framework, the designer of the scheme can control the flow of information at
the fusion center in many ways. Thus, not only he decides how long the sensors
keep collecting data (horizon of observations), but also how often they commu-
nicate with the fusion center (communication frequency), how often they sample
their underlying continuous-time processes (sampling frequency) or even the num-
ber of sensors K which are used. Therefore, it is not only legitimate but also
useful to consider asymptotic properties when we have high-frequency sampling,
frequent or rare communication or large number of sensors.

Moreover, in order to be able to distinguish between asymptotically optimal
schemes with qualitatively different behavior, we introduce different orders of
asymptotic optimality. Thus, as long as J[S] — oo, we say that a (decentralized)

sequential scheme S is asymptotically optimal of order-2, if J[S] — J[S] = O(1),
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and of order-3, if J[S] — J[S] = o(1), where by O(1) we denote an asymptotically
bounded term and by o(1) an asymptotically vanishing term. It is clear that, since
J[S] — oo, order-3 asymptotic optimality implies order-2 asymptotic optimality

and this implies order-1 asymptotic optimality.

1.2 Communication schemes

Let us first of all denote by {F}} the observed filtration locally at sensor i and
by {F:} the global filtration in the sensor network. Thus, if {¢/} is the observed

process at sensor ¢, then
[=o0(¢l:0<s<t) , F=o0(:0<s<t,i=1,.. K) (1.1)

Moreover, we denote by {0,...,d — 1} the available alphabet at all sensors.
We say that (72, 2%) is a communication scheme, if each {72} is an increasing

n»Tn

sequence of finite {F}}-stopping times and each 2! is an ]—"ii -measurable random
variable that takes values in {0,...,d — 1}, so that sensor i transmits at each time
7! the message z!, to the fusion center. Then, a stopping rule at the fusion center

is an {F;}-stopping time, where

Fi=o((rl,2):mi <t,i=1,...,K), t>0 (1.2)

n»Tn

According to this definition of a communication scheme, each sensor may need
to remember at any given time all its previous observations in order to determine
its next communication time and message to the fusion center (full local memory).
However, this may not be a realistic assumption, since the memory requirements
that it imposes on the sensors are very large and may not be affordable in practice.

For that reason, we modify the definition of a communication scheme so that
each sensor does not keep any information regarding its observations before the
most recent communication (limited local memory). More specifically, we require
7! to be an {]—"i;l N ,}-stopping time and each zi an }"ji ;,-measurable random

n—1"n

variable, where

Fi,=oE:mi<s<t), t>m, neN (1.3)
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Figure 1.2: Sensor Network

We can think of limited local memory as an intermediate case between full local
memory and no local memory, where each sensor does not keep any information
regarding its previous observations. Moreover, notice that this is a different notion
of limited local memory than the one used typically in the literature ([35], [62]),
where each sensor remembers all the quantized messages that it has transmitted
to the fusion center.

In the decentralized literature, it is usually implicitly assumed that all sensors
communicate at common, deterministic, equidistant times [62]. However, this is
not always a realistic assumption, since in practice it may be hard to force distant
sensors to transmit messages concurrently. In this thesis, inspired by the works in
([2] , [44], [45]), we suggest that the communication times should be non-trivial
stopping times with respect to the sensor observations (event-triggered sampling).
This will not only induce asynchronous communication between sensors and fusion
center, but — as we will prove— will lead to more efficient fusion center policies.

In particular, we focus on a special case of event-triggered sampling, which is
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called level-triggered (or delta or Lebesgue) and can be expressed as follows:

Tfl = inf{t > Tfl,l : C}f — Ci;ﬁl ¢ (—A;,A)}

. Loaf i = > A (1.4)
T __ Tn Tn—1
Zp = . .
0, if ¢, —C. <-4
n Tn—1

where each {(}} is an {F}}-adapted process, i.e. locally observed at sensor i, and
Ay, A, are positive constants.

Based on such communication schemes and mimicking the corresponding op-
timal centralized schemes, we propose and analyze novel decentralized sequential
schemes for the problems of hypothesis testing, quickest detection and parameter
estimation for a variety of probabilistic models for the sensor observations. In the

remaining part of the introduction we state our main findings and relate them to

the literature.

1.3 Sequential hypothesis testing

In sequential hypothesis testing the goal is to distinguish as soon as possible be-
tween two simple hypotheses for the sequentially acquired observations. This prob-
lem was introduced by Wald in [63], where he defined and proposed the celebrated
Sequential Probability Ratio Test (SPRT).

In the case of independent and identically distributed observations under both
hypotheses, Wald and Wolfowitz [64] proved that the SPRT minimizes the expected
time for a decision under each hypothesis, while controlling the probabilities of
both types of error. Kiefer et.al [5] conjectured that the SPRT enjoys a similar
optimality property in the case of continuous-time processes with stationary and
independent increments. Shiryaev [51] proved this claim in the Brownian case
using the theory of optimal stopping and Irle and Schmitz [18] provided a rigorous
proof in the general case.

Liptser and Shiryayev [25] generalized the optimality of the SPRT in the case
of continuously observed It6 processes. In particular, they proved that the SPRT

minimizes the required information (in a Kullback-Leibler sense) for decision under
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both hypotheses, while controlling the probabilities of both types of error. Irle [17]
generalized this optimality for general continuous-path processes and more general
criteria.

In this thesis, we focus on decentralized sequential testing. Most of the relevant
work in this setup assumes that under each hypothesis the sensors take discrete-
time, independent and identically distributed observations and communicate with
the fusion center whenever they take an observation.

In this framework, Veeravalli et. al. [61] proposed five different formulations for
the decentralized testing problem, depending on the local memory that the sensors
possess and the feedback they may receive from the fusion center. Moreover, the
authors explained that all network configurations generate information structures
that are intractable to dynamic programming arguments with the only exception
the case of full feedback and local memory restricted to past decisions, where each
sensor remembers only its previous messages to the fusion center but it also has
access to the previous messages of all other sensors. In this case, the authors found
the optimal Bayesian decentralized test.

The case of no feedback and no local memory was treated in [58], while the
case of full local memory with no feedback in [12],[60] (also under a Bayesian
setting). However, in the last two cases no exactly optimal decentralized test has
been discovered (see [62] for a review). In the case of full local memory, the first
asymptotically optimal test was suggested by Mei [31]. According to this scheme,
each sensor performs its local SPRT and at every communication with the fusion
center it transmits its decision. The fusion center policy follows a consensus rule,
according to which the fusion center stops the first time that all sensors agree.

As we mentioned before, all the previous schemes require each sensor to com-
municate every time it acquires an observation (although Mei’s scheme has an
asynchronous flavor). This requirement was dropped in the decentralized sequen-
tial test proposed by Hussain [16], where level-triggered communication is com-
bined with an “asynchronous” SPRT at the fusion center. Hussain used the term

D-SPRT (decentralized SPRT') to describe his scheme, however he did not support
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it with a strong theoretical justification.

Here, we prove that the D-SPRT is asymptotically optimal in the discrete-
time setup and we propose a continuous-time version of this decentralized test,
which we also prove to be asymptotically optimal. It should be underlined that
while the communication scheme for the D-SPRT is the same both in discrete and
continuous time, the fusion center policy that we suggest in continuous-time is
essentially model-free, since it relies on the path-continuity of the observed sensor
process and not on their dynamics. Thus, we are able to extend the properties of
the D-SPRT for more general communication schemes and observation models.

In order to state more precisely our results, we introduce the generic param-
eters v and A, which control the horizon of observations and the frequency of
communication respectively, so that v — oo implies a long horizon of observa-
tions, whereas A — co(A — 0) implies a rare (frequent) communication between
sensors and fusion center.

Thus, when the sensor processes are independent and each sensor observes a

sequence of independent and identically distributed random variables,

e we prove that the D-SPRT is order-1 asymptotically optimal as v — oo and
A — 00 so that A = o(7) with the optimal rate being A = O(/7).

e we show that if the sensors observe independent Brownian motions only at
discrete times with a common sampling period h, then — for any fixed A—
the D-SPRT is order-2 asymptotically optimal as v — oo and A — 0 so that
Wt =0

e we present simulation experiments which verify the above findings and show
that the D-SPRT performs better than other decentralized schemes in the

literature.

When the underlying sensor processes are independent It6 processes or corre-

lated Brownian motions,

e we prove that the continuous-time D-SPRT is order-2 asymptotically optimal

as v — oo for any fixed A.
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e we present simulation experiments which show that the continuous-time D-
SPRT performs better than then discrete-time SPRT when the underlying

sensor processes are independent Brownian motions.

1.4 Quickest detection

The goal in statistical quality control is to monitor and improve the productivity
of industrial process. This area of statistics has dominated applications since the
introduction of the Shewhart charts [50] in the 1920s and has contributed signifi-
cantly to technological innovations and the increase in productivity since then. The
main method in statistical quality control is quickest detection or change-detection.
There, it is assumed that the distribution of the observed process changes at some
unknown time and the goal is to detect the change as soon as possible using the
sequentially acquired observations. For reviews on statistical control theory and
quickest detection we refer to [54] , [13] , [23], [4] , [42].

In this thesis, we focus on the CUSUM (Cumulative Sums) test, which has been
one of the most popular detection rules, both in theory and in application, since its
introduction by Page [39]. A strong theoretical argument in favor of the CUSUM
test was provided by Moustakides [33], who proved that the CUSUM is the optimal
detection rule according to the minimax criterion suggested by Lorden [28] in the
case of independent and identically distributed observations before and after the
change. In particular, it was shown in [33] that the CUSUM rule minimizes the
worst-case conditional expected delay given the worst possible history up to the
time of the change among detection rules with a period of false alarms larger than
a pre-specified constant.

In discrete time, the (exact) Lorden-optimality of the CUSUM rule was gener-
alized by Moustakides in [37] for a certain class of processes with dependent ob-
servations. Lai [24] established the asymptotic optimality of the CUSUM test for
general observation models. In continuous time, Shiryaev [52] proved the Lorden-

optimality of the CUSUM rule in the Brownian case and Moustakides [34] extended
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—under a modified Lorden’s criterion— the CUSUM optimality in the case of Itd
processes.

Unlike the SPRT which is also optimal under the Bayesian formulation of
sequential testing, the CUSUM is not optimal under the Bayesian formulation of
change-detection [51], where it is assumed that the change-point is a geometric
random variable independent of the observations. Actually, the CUSUM does
not optimize neither the other popular minimax criterion in the literature due to
Pollack [30]. For an insightful discussion regarding these criteria we refer to [36].

As it is the case for decentralized sequential testing, the decentralized change-
detection problem is typically set in a discrete-time setup and it is assumed that the
sensors communicate with the fusion center every time they take an observation.
Again, we can have different formulations depending on the local memory and the
feedback that is available at the sensors [62].

Veeravalli [62] solved the change detection problem in a Bayesian setting in
the case of full feedback and local memory restricted to past decisions. The cor-
responding results under a non-Bayesian formulation are given by Moustakides in
[35], where the fusion center policies are CUSUM statistics. In the case of no-local
memory and no feedback from the fusion center, Tartakovsky and Veeravalli [56]
proposed and studied decentralized schemes that use threshold quantization at the
sensors and CUSUM detection rules at the fusion center.

In the case of full-local memory, Mei [32] proposed an asymptotically optimal
detection rule, according to which each sensor performs its local CUSUM rule and
at every communication with the fusion center it transmits its decision. The fusion
center decision rule is a consensus rule, according to which the fusion center raises
an alarm when all sensors agree that the change has occurred. Comparisons of
this scheme with other decentralized and centralized alternatives are reported in
[55], where it is shown that Mei’s scheme may perform worse in practice than
asymptotically sub-optimal schemes.

In this thesis, we propose a novel decentralized detection rule, both in a

continuous-time and a discrete-time framework. The suggested scheme has the
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same communication scheme as the D-SPRT but uses a CUSUM rule at the fusion
center, thus we call it D-CUSUM (decentralized CUSUM).

In order to state more precisely our results, we recall the generic parameters ~y
and A, where v — oo implies a large horizon of observations and A — co(A — 0)
implies very rare (frequent) communication between sensors and fusion center.
Then, when the sensor processes are independent and each sensor observes a se-
quence of independent and identically distributed random variables both before
and after the change, we prove that the D-CUSUM is order-1 asymptotically op-
timal as 7 — oo and A — oo so that A = o(y), with the optimal rate being
A = O(/7). Moreover, we show that if the sensors observe independent Brow-
nian motions only at discrete times with a common sampling period h , then
the D-CUSUM is order-2 asymptotically optimal as v — oo and h — 0 so that
hY% = o(y~1), while A is fixed.

Moreover, when the underlying sensor process are independent Ito processes
or correlated Brownian motions both before and after the change, we prove that
the continuous-time D-CUSUM is order-2 asymptotically optimal as v — oo for

any fixed A and order-1 asymptotically optimal as v — oo and A — oo so that
A=o(v).

1.5 Sequential parameter estimation

The statistical inference of continuous-time stochastic processes has drawn the
attention of many probabilists and statisticians ([20], [43]). When one observes
independent Brownian motions with the same unknown drift, it is well-known that
the Maximum Likelihood Estimator (MLE) of the drift is unbiased, Gaussian and
has the smallest possible mean square error. However, these properties are not
preserved when the drifts are random.

In particular, when all drifts are linear with respect to an unknown and common
parameter, the MLE of this parameter can be computed explicitly, but is no longer

unbiased, Gaussian or optimal —in a mean square error sense— for finite horizons.
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However, as Liptser and Shiryayev showed in [25], a sequential version of the
MLE recovers these properties in this more general framework. Thus, even though
this parameter estimation problem may not be sequential by nature, a sequential
formulation is more natural, because it leads to an elegant, intuitive and efficient
solution in contrast to a fixed-horizon formulation.

In this thesis we focus on decentralized parameter estimation in the above
framework. In particular, we suggest and analyze a novel decentralized sequential
estimator, which is based on level-triggered communication at the sensors and
mimics the MLE at the fusion center.

In order to state more precisely the properties of this estimator, which we call
decentralized MLE (D-MLE), we recall the generic parameters v and A, where
v — oo implies a large horizon of observations and A — oo(A — 0) very rare
(frequent) communication between sensors and fusion center. Then, we prove that
as 7 — oo and A — oo the D-MLE is a consistent estimator as A = o(y) and
asymptotically normal and efficient (in a mean-square-error sense) as v — oo and
A — 00 as A =o(/7).

Finally, we suggest a modification of the D-MLE, which relies on between-
sensor communication, when the sensors observe correlated diffusion processes.
For additional literature on decentralized (non-sequential) parameter estimation

we refer to [46], [14], [15], [10].

1.6 Wald’s identities

Throughout this thesis we apply the celebrated Wald’s identities —as well as gen-
eralized versions of the classical identities— in order to analyze the suggested de-
centralized sequential schemes. For that reason we present here these identities in
the forms that we use them both in discrete and continuous time. For a review of

Wald’s identies and their applications to sequential analysis we refer to [21].
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1.6.1 Discrete-time techniques
1.6.1.1 Wald’s identities

Let (2, F,P) be a probability space which hosts a sequence of independent and
identically distributed random variables {X,} with E[|X1|] < co. We denote by
{FX} the filtration generated by {X,}, i.e. FX = o(X1,...,X,), and we S,, =
X1+...+ X, and p = E[X;]. If additionally E[X?] < oo, we set 02 = E[(X —u)?].

If T is an integrable {F.<}-stopping time, then:

E[ST] = nE[T] , E[(ST—nT)’]=0"E[T]. (1.5)

where the second identity is of course valid as long as 02 < co. An example of
such an integrable stopping time is the first time the random walk {S,} exits the
interval (—A,B), i.e. T =inf{n € N : S, ¢ (—A, B)} The integrability of this
stopping time is based on the fact that for every n € N there exist constants C' > 0
and 0 < p < 1 (independent of n) so that P(7 > n) < Cp".

1.6.1.2 Change of measure

Let (2, F) be a measurable space which hosts a sequence of random variables
(Xn)nen. We now consider two probability measures P and IS7 so that the joint

probability density function of the random vector (Xi,...,Xy) is fo(z1,...,2p)

under P and g, (x1,...,zy,) under P,ie forneN
fn(xla--~7xn) under P
(X1 s Xo) ~ i
gn(x1,...,2y) under P

We assume that for every n the functions f, and g, have common support, thus

we can define the likelihood-ratio process:

gn(X1, ..., Xn)
fa(X, o, X))

Then, Wald’s likelihood ratio identity (or else the fundamental identity of sequen-

Lo=1 , Lp= n>1 (1.6)

tial analysis) states that for an arbitrary {F.X }-stopping time 7 we have:

EY (7<o}l =EY LT {7<050}] (1.7)
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where Y is any F7-measurable random variable so that the right-hand side in (1.7)
is finite.

Notice that it is not required that the random variables {X,,} be independent
and identically distributed under P or P. Moreover, the stopping time T may
be finite under only one of the two measures, i.e. we may have IS('T < 00) <
1 =P(T < o0). Finally, from (1.7) we can deduce that the likelihood ratio {L,}
is a (P,{FX})- martingale. Indeed, if we set Y = 1 we obtain E[Ly] = 1 =
E[Lo)] for every bounded {F:X }- stopping time T, which is a characterization of the

martingale property.

1.6.2 Continuous-time techniques
1.6.2.1 Wald’s identities

Let (2, F,P,{F:}) be a filtered probability space which hosts a zero-mean local
martingale { M; }+>0 and a finite-variation process { At }+>0, which both have contin-
uous paths. We also denote by {(M);} the quadratic variation process of {M;}, i.e.
the unique, {F;}-adapted, increasing, continuous process which makes M2 — (M)
is a continuous local martingale. We set X; = A; + My, t > 0.

If T is an {F;}-stopping time so that E[(M )] < oo, then we have:
E[X7]=E[A7] , E[(X7 - A7)’ =E[(M)7] (1.8)

When {X;} is a Brownian motion with drift x4 and diffusion coefficient o, i.e.
Xi = pt + oWy, then (1.8) implies that for any integrable {F;}-stopping time T
we have:

EX7] = kET] . E(X7 —nT)? = 0®E[T] (L9)

which is the direct generalization of (1.5).

1.6.2.2 Change of measure

We now restrict ourselves to the class of It6 processes, since we will focus on this

class of stochastic processes later. Thus, let (Q2, F,P,{F;}+>0) be a filtered prob-
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ability space which hosts the standard Brownian motion {W,;} and the processes
{Xi}

We say that {X;} is an Ité process (relative to the Brownian motion {W;}), if
there exist stochastic processes {b;} and {0}, which are B0, c0) x F-measurable,

{Fi}-adapted, satisfy

P(/Ot |bs| ds < oo, tZO) :P(/Ot!as!2ds<oo, tZO) =1 (1.10)

and

t t
P(Xt—/ bsds—i—/anWS, t20>:1.
0 0

In order to avoid unnecessary technicalities we assume that for each ¢ € [0,7]
the random variables b; and o; are functionals of the path of X up to time t,
i.e. the processes {b;} and {o;} are {F;X}-adapted, where FX = o(Xs, 0 <
s < t). Moreover, we assume that (2, F) is the space of continuous functions
on [0,00) accompanied by its Borel o-algebra and {F;} the filtration generated
by the coordinate process Wi(w) = w(t), w € Q. Therefore, P is the Wiener
measure, the unique probability measure on the canonical path space under which
the coordinate process {W;} is a Brownian motion.

Suppose now that there exist B[0, co) x F-measurable, {F; }-adapted stochastic
processes {b;} and {6;}, so that ¢,;6; = (b; — b;), t > 0 and

t t
P(/ |bs|ds<oo,t20>:P</ |05|2d8<oo,t20):1 (1.11)
0 0
and consider the positive (P, F;)-local martingale
t t
L; = exp { / 0, dW, — 0.5 / lﬁslzds}, t>0, (1.12)
0 0

If {L:} is an {F;}-martingale, i.e. E[L;] = 1,¢ > 0, then we can define the
probability measure P(A) = E[L; Z(A)], A € F; and according to Girsanov’s

theorem there exists a (P, {F;})-Brownian motion {W;} so that
t ~ t ¢ _
W = / Osds+ Wy , Xy = / bs ds + / osdWs (1.13)
0 0 0

The stochastic process {L;} is clearly a (P, F;)-martingale when the processes

{b:}, {b;} {0} reduce to constants and in general when they satisfy a Novikov or
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Kazamaki condition, i.e.
E[e0~5fé5 \05\2[15] < oo or E[eo‘5f0t 0 dWs] <oo, 0<t< 0. (1.14)

In order to obtain a version of Wald’s likelihood ratio identity in this context, it
is not necessary to assume (1.14), but it suffices to consider {F;}-stopping times

T, so that

([ 10 as <o) =p( [ mpas <o) =1 tz0

Then:

E[Y7] = E[L7 Y7] (1.16)

where {Y;} is any {F;}-adapted process so that the above expectations are well-
defined.
Notice that when the processes {b;}, {o;}, {b;} reduce to constants, condition

(1.15) implies that 7" must be finite under both P and P.

p(/megds:oo>:ﬁ>(/ooe§ds:oo):1 (1.17)
0 0

then the localizing stopping times

Finally, if

t
Tn:inf{tzo:/ egdszn} (1.18)
0
clearly satisfy (1.15) and so does the stopping time
S=inf{t>0:L; ¢ (—A,B)}. (1.19)

Again, when the processes {b;}, {o;}, {b;} are constants, condition (1.17) is triv-

ially satisfied.
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Chapter 2

Decentralized sequential

hypothesis testing

The structure of this chapter is as follows: we start with a review of central-
ized sequential testing with an emphasis on the Sequential Probability Ratio Test
(SPRT). We then define and analyze the proposed decentralized sequential test;
first in continuous time, when the observed process has continuous paths (Sec. 2.2)
and when it has discontinuous paths (Sec. 2.3) and then in the discrete time case

(Sec. 2.4).

2.1 Sequential testing under a centralized setup

Let {& = [}, ..., €] }i>0 be a K-dimensional stochastic process, each component
of which is observed sequentially at a different location or sensor. The flow of
information locally at sensor i is described by the filtration {F} }:>0, whereas the

flow of information at the whole sensor network is described by {F;}+>0, where
Fi=0(,0<s<t) , F=o0,0<s<ti=1,....,K), t>0. (2.1)

We assume that the sensors acquire their observations sequentially and that they
communicate with a fusion center, as Fig. 2.1 suggests. The fusion center combines

the information it receives from all sensors and is responsible for making the final
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decision.
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Figure 2.1: Sensor Network

We denote by P the distribution of the observed process (¢1,..., &%) and we

consider two simple hypotheses for P, i.e.
H()ZP:PO y HIZP:P1, (22)

We assume that the probability measures Py, P are locally equivalent, but globally
singular, in the sense that they are equivalent when they are restricted to the o-
algebra F; for any t € [0,00), but singular when restricted to F. We denote by
{u;} the corresponding log-likelihood ratio process, i.e.

dP1

= log — 0<t 2.3
) Ut og dP() ]:t’ <t <0 ( )

qul

The goal of the decision maker at the fusion center is to choose the correct hy-
pothesis combining in an efficient way the information it receives from the sensors.
Moreover, due to the sequential nature of the observations, the goal is to choose
the correct hypothesis as soon as possible.

Thus, a sequential test consists of a stopping rule, which determines when the
fusion center stops collecting data from the sensors, and a decision rule which de-

termines which of the two hypotheses should be chosen. Since these rules cannot
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anticipate the future and must rely exclusively on the fusion center data, the stop-
ping rule will be an {]}t}—stoppmg time and the decision rule will be F7-measurable
binary random variable, where denote by {F;} the fusion center filtration, which
coincides with {F;} under a centralized setup.

We will focus on the celebrated Sequential Probability Ratio Test (SPRT),

which was proposed by Wald in his seminal work [63], and is defined as follows

S=inf{t>0:u; ¢ (—A,B)}

1, ifus> B (2.4)
ds =
0, fus<-—-A

where A, B are two positive constants. Thus, according to the SPRT, the decision
maker observes the log-likelihood ratio process {u;} until it crosses either a positive
or a negative threshold and chooses Hy in the first case and Hg in the second.
We review the properties of the SPRT first in continuous time when the sensors
observe It6 processes and jump diffusions and then in discrete time when the

sensors observe sequences of independent and identically distributed observations.

2.1.1 The case of Ito processes
2.1.1.1 Problem Formulation

Consider the hypothesis testing problem

t t t
Ho: & = / os-dWs . Hp: &= / bs ds —I—/ os - dWy (2.5)
0 0 0

where {W;}+>0 is a K-dimensional Brownian motion, b; { ; }-adapted K-dimensional

vector and {o;} an {F;}-adapted K x K matrix so that
¢
Pj(/ [|bs\ + ]05]24—95-1)8} ds < oo) =1, t>0,j=0,1 (2.6)
0

where 0; = b} - (o, }) o; !. Moreover, for the two measures to be globally singular,

we need to assume that

Pj</00005-b3d5:oo>=1, j=0,1 (2.7)
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The log-likelihood ratio process {u;} takes the form

t ¢
Uy = / s - dés — 0.5/ 0, -bsds (2.8)
0 0

and we can use it to implement the SPRT, which we defined in (2.4). We present
a realization of the SPRT under (2.5) in Fig. 2.2.

SPRT
ds=1
m
5 o
<
d5=0
T T
0 S

Figure 2.2: A realization of the SPRT

2.1.1.2 SPRT performance characteristics

We can compute explicitly the SPRT error probabilities in terms of the thresholds

A, B. Indeed, with a a localization argument it can be shown that:
S
Ej[/ Hs-bsds]<oo, j=0,1 (2.9)
0

and that S is a finite stopping time under both hypotheses. Thus, we can perform

change of measure and obtain

Po(ds =1) = Eq[e™® (4s=13] , Pi(ds =0)=Eo[e"® (ys——a}] (2.10)
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Moreover, since the process {u;} has continuous paths, we have {ds = 1} = {us =

B} and {ds = 0} = {us = —A} and consequently

Po(ds =1) = El[eiu‘s {uS:B}] = e*BPl(dg =1)

(2.11)
P1(ds = 0) = Eg[e"S (5= 1] = e “Py(ds = 0)
Therefore, we obtain:
eP -1 ed—1
Polds=1) = ———— Pi(ds=0)= ——= 2.12
O(S ) eB _ oA 1(8 ) eA _ o B ( )
and
1—Po(ds =1) 1—Pi(ds =0)
B =1 —_— A=1 _— ). 2.13
(s =0y ) A= e o ) (2.13)
Thus, from (2.12) we have:
Ei[us] = Pi(ds =1)B — P1(ds = 0)A = s(B, A)
(2.14)
—Eo[us] = Po(ds = 0)A — Po(ds = 1)B = s(4, B)
where
(e —Dz—(1-eY)y
s(z,y) = e — , x,y>0 (2.15)
2.1.1.3 SPRT Optimality
Consider the optimization problems
inf Ejfur] and  inf Eg[—u7] (2.16)

(T.dr) (T,d7)
where the infimum is taken over centralized sequential tests (7, d7) which satisfy

the following properties:
Po(dr=1)<a , Pi(dr=0)<p (2.17)

where a, 8 > 0 with a4+ 8 < 1. Thus, our goal is to find the centralized sequential
test that minimizes decision delay under both hypotheses while keeping both type-I
and type-II error probabilities bounded by a and [, respectively.

Liptser and Shiryaev proved in [26] — using change of measure and Jensen’s

inequality— that the SPRT solves concurrently the two optimization problems in
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(2.16) as long as the thresholds A, B are chosen so that the error probability
constraints in (2.17) are satisfied with equality. This implies that the optimal
SPRT thresholds A, B can be expressed in terms of «, 5 as follows

B = log<1_ﬁa) , A= log(1 — 5) (2.18)

o

Moreover, the optimal decision delay is given by (2.14) and from (2.14) follows
that
E1fus) = [logal +o(1) , —Eolus] = [1og ]+ o(1) (2.19)

as a, f — 0 with a|log 5| + S| log a| = o(1).

Finally, we should note that both (2.18) and (2.14) are universal, in the sense
that they do not depend on the particular form of the dynamics in (2.5), but only
on the error probabilities «, 5. Fig. 2.3 demonstrates the (universal) average run
length (ARL) curve of the SPRT for problem (2.5), that is, the plot of Ej[us]

versus log a, where for simplicity we have set a = S.

Operating Characteristics of the SPRT
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Figure 2.3: ARL curve of the SPRT for It6 processes
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2.1.1.4 Connections to other optimality criteria

Problem (2.16) is a generalization of the original formulation of sequential hypoth-
esis testing used in [63], where the goal is to find the sequential test that solves
the following minimization problems

(’}%fT) E{[7] and (71_2[5) Eo[T] (2.20)
among centralized sequential tests (7, d7) which satisfy (2.17).

Problems (2.20) and (2.16) are equivalent when {b;} and {o;} reduce to a real
vector (by,...,bx) and a real matrix [oy;], respectively, in which case the sensors
observe correlated Brownian motions under both hypotheses. The optimality of
the SPRT in the framework was established for the first by Shiryaev in [51] using
the theory of optimal stopping.

Finally, we should mention that (2.16) is a special case of a more general
optimality property of the SPRT, which was revealed by Irle [17] and is valid for
even more general testing problems as long as {u;} has continuous paths. Thus,
the SPRT solves the following optimization problems

ot Eilg(e7)] and - inf Eglg(e"T) (2.21)
where ¢ : [0,00) — R is an arbitrary convex function and (7,dy) are central-
ized sequential tests that satisfy (2.17) and terminate almost surely under both

hypotheses.

2.1.1.5 Sufficient statistics

The optimality properties of the SPRT imply that the log-likelihood ratio process
{u} is a sufficient statistic for the hypothesis testing problem (2.5), since the fusion
center is able to implement the optimal sequential test without any performance
loss as long as it has full access to {u;}.

Moreover, from (2.8) follows that u = Zfi L ut, where

u;:/o 9;d§;—0.5/0 0.0, ds, 0<t<oo (2:22)
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where we denote by b%, 0! the i*" components of the vectors b, ;. Therefore,
(u',...,u®) is a vector of sufficient statistics, since for the implementation of the
SPRT it suffices that the fusion center receives {uj},...,ul*} instead of the raw
sensor observations {&}, ..., &}, Thus, if each process {u}} is {F}}-adapted, then
sensor i could observe and transmit to the fusion center the path of {ul} instead
of the path of {&!}.

Of course, the process {u} is not always {F} }-adapted in the general frame-
work of the testing problem (2.5), but only in some (important) special cases.
Indeed, this is true when the sensor processes &, ..., ¢ are independent, in which
case {u!} corresponds to the marginal log-likelihood ratio of {£;}, but also when

the sensors observe correlated Brownian motions under each hypothesis, in which

case each uj is a deterministic function of & and ¢.

2.1.2 SPRT for jump-diffusions
2.1.2.1 Problem formulation

We now assume that the observed sensor at each sensor i admits the following

decomposition:
N
§=o'Yi XX Y = e W 20 (2.23)
j=1

where {Y;'} is a Brownian motion with drift b'c? and diffusion coefficient o, { N/} a
Poisson process with intensity A\’ and (X! ) a sequence of independent random vari-
ables with common density f*. We assume that {W;}, {N;} and { X} are indepen-
dent, therefore each process {¢/} has stationary and independent increments. In
particular, {£/} is a jump-diffusion process if o' > 0 and a compound Poisson pro-
cess if 0 = 0. We also assume that the triplets ({W/}, {N/},{Xi}),i=1,..., K
are independent.

We consider the following testing problem

Ho : (B, NTF%) = (b, NG, £8), Wi Hi: (B NFY) = (B, NS, fD), Vi (2.24)
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where A}, \] are known positive constants, b, b4 known real constants and f¢(-), fi(-)
known densities with common support for each i = 1,..., K.
Due to the assumption of independence across sensors, the log-likelihood ratio

process {u;} admits the decomposition u; = 32X w! for any ¢ > 0, where

Ny
up = (Y} = 0.5t + [pi N} = (AL = M)t + > ha(X])
=1

N

= i = (030 + 4~ W)+ 3 [or + ha(XD)],
=1

where
Al i)
pi=log— , hi() =log (2.25)
Ao fo()
and
b{ —bj

2, ifo; >0
Hi =

0, ifo;=0
The optimality of the SPRT in this setup (and generally in the case of processes
with stationary and independent increments) was conjectured initially by Kiefer
et.al [5], but a formal proof of this statement was given by Irle and Schmitz in [18].
In particular, it was shown that the SPRT solves the optimization problems in
(2.20) among sequential tests that satisfy (2.17). Notice that since Ej[u], Eo[—u]
are linear functions of ¢ under the hypothesis testing problem (2.24), thus the
optimization problems (2.16) and (2.20) are equivalent.

Since the log-likelihood ratio process {u;} for problem (2.24) does not have
continuous paths, the random variable us is no longer binary, since it may exceed
the thresholds —A and B. Thus, the overshoot n = (us — B)T — (us + A)~ is a
non-trivial random variable and we cannot derive closed-form expressions for the
thresholds A and B and the SPRT performance in terms of the error probabilities
a, B.

Nevertheless, we can show that B < |loga| and A < |log | and we also have
that

Eilus] = (1-8)B—BA+E] , Eol-us]=(1-a)A—aB+Ely (2.26)
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Therefore, if the expected overshoots E;[n], 7 = 0,1 are asymptotically bounded,
ie. Ejln] =0(1), j=0,1as o, — 0, then we obtain

Efus] < |logal +O(1) , Eo[—us] < |log 8| + O(1) (2.27)

which is an asymptotic upper bound for the performance of the SPRT under (2.24)

and will turn out to be sufficient for our purposes.

2.1.3 SPRT in discrete-time

Suppose that each sensor ¢ acquires sequentially the discrete-time observations
&, t=0,1,2,.... We assume that (&},... ,§tK)teN is a sequence of independent

random vectors so that for each ¢t € N:
Ho: (&, &)~ Qo Hi: (&, ~Q (2.28)

where Qg and Q; are known Borel probability measures on R¥. We assume that
there is a probability measure Q that dominates both Qg and Q1 and we denote by
fo and f7 the corresponding Radon-Nikodym derivatives. Then, the log-likelihood
ratio process that corresponds to this hypothesis-testing problem takes the form:

t

fi& - &)
=Y log ool S 1 =0,1,2,. 2.29
ut =1 o8 fO(é-ll)"wé-l ) ! ( )

and the SPRT (S, ds) becomes:

S=inf{teN:w ¢ (—A,B)}
hs 1, ifus> B (2.30)
0, ifus<—A,
Wald and Wolfowitz proved in [64] the optimality of the SPRT for the above
testing problem in the sense of (2.20). Since the observations {(&},...,&5) }en
are independent and identically distributed, it is straightforward to see that (2.16)
and (2.20) are equivalent optimization criteria.
Moreover, the overshoot n = (us — B)T — (us + A)~ is non-zero with prob-

ability 1 (see Fig. 2.4). Nevertheless, we can show that B = O(|loga|) and
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SPRT
ds=1
n
m -
< |
ds=0
| |
0 S
t
Figure 2.4: Discrete-time SPRT
A= 0(|log ) as o, B — 0 and also
Eifus] < [logal+O(1) , Eo[-us] < |log 8|+ O(1) (2.31)

as long as u; has a finite second moment, in which case E;[n],j = 0,1 are bounded
uniformly in A and B [27]. Finally, notice that the optimality of the SPRT does

not require the assumption of independence across sensors.

2.2 Decentralized sequential testing for It6 processes

In this section we propose and study a decentralized sequential test for the hy-
pothesis testing problem (2.5), i.e. when each sensor observes the path of some
1t6 process under each hypothesis. We refer to the introduction for details on the
decentralized setup and the relevant literature.

The fundamental assumption that we make is that each local sufficient statistic
{ul} -defined in (2.22)- is {F}}-adapted. This means that the following will be

valid as long as the sensors observe either independent It6 processes or correlated
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Brownian motions under each hypothesis (see the 2.1.1.5). This assumption is
crucial not only for the properties of the suggested decentralized scheme to hold,
but also for the scheme to be implementable in the first place.

Finally, as we also discuss in the introduction, the scheme that we propose and
analyze in this section is a continuous-time version of the decentralized sequential
test proposed in [16] under a discrete-time setup. Despite the fact that these two
versions have some important differences, we use the name D-SPRT (Decentralized

SPRT) to describe the suggested scheme in both setups.

2.2.1 Communication scheme and quantization rule

We suggest that sensor i communicates with the fusion center at the {F }-stopping

times (7)nen which are defined recursively as follows:
=inf{t >7._ ruj—ul, ¢ (-ALA))}, neN. (2.32)

The thresholds A;, A, are positive constants, whose values are chosen by the de-
signer of the scheme and are known at the fusion center. Thus, according to (2.32),
sensor i monitors its local sufficient statistic u’ and communicates when its value
has either increased by A; or decreased by A, in comparison to its value at the
previous communication with the fusion center. We illustrate this communication
scheme in Fig. 2.5.

Therefore, under (2.32), the number of signals that have been transmitted from
sensor i up to time ¢ is random and we will denote it by mi = max{n : 7% < t}.
Moreover, the sensors do not transmit their signals concurrently to the fusion
center, thus (2.32) induces asynchronous communication in the sensor network.

The communication scheme (2.32) is naturally coupled with the following quan-
tization rule: “at any time 7% sensor i should inform the fusion center whether
i

. > Ajorul; — ul; < —A,; .7 Sensor i can communicate this infor-
n

n—1 n—1

ot

U_;
Tn T,

mation by transmitting the signals:

Z = T (2.33)
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Level-triggered communication

2,
|

o,
|

Figure 2.5: Level-triggered communication

and for that purpose it needs only a binary alphabet.

Moreover, since each process {ut} is continuously observed and has continuous
paths, we actually have: ui}; - ui:-L . € {A;,—A,} for every n € N. This means
that we can replace the inequalities in (2.33) with equalities. Moreover, it implies
that the fusion center can recover the ezact value of u’ at any communication time

7}, since for every n € N we have:

n n

ugﬁzz[u;_u; 1} :Z{Zizj—éi(l—zj). (2.34)

j=1 j=1
2.2.2 Fusion center policy

Since the fusion center does not receive any information about u’ between com-
munication times, we suggest that it approximates u’ at some arbitrary time ¢ as
follows

ﬂ% = u}r}l’ te [Tn7 Tn—i—l) (235)

which —due to (2.34)- is equivalent to

n

. [zi 2= A1 - z;i)], t € [Tns Tnt1) (2.36)
j=1
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Thus, the process {:} is defined to recover the exact value of u’ at any com-
munication time TfL and to stay flat in between. Consequently, it is a piecewise
constant process which jumps at the communication times (72) and its jumps are
either upward of size A; or downward of size A;. Notice that {ai} is a model-free
approximation of {ui}, since it does not rely on any distributional properties of
{ui} but only on the continuity of its paths. We illustrate this approximation in

Fig. 2.6. The policy that we suggest at the fusion center is simply to replace

Fusion center approximation

Figure 2.6: Fusion center local approximations

the global likelihood-ratio u = S5  u’ in the the definition (2.4) of the SPRT by
U= Zfi 1 @'. In other words, we suggest the following sequential test at the fusion
center:

S=inf{t>0:u ¢ (—A,B)}
B (2.37)

—A

. 1, if
S~ =
0, if

=41
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where again the thresholds A, B are chosen so that the error probability constraints
in (2.16) are satisfied with equality. This is a valid decentralized sequential test,
since its implementation at the fusion center requires only the transmission of the

one-bit data {z}} from the sensors. Moreover, since (S,dg) mimics the SPRT
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(S,ds), we call it decentralized SPRT (D-SPRT), adopting the term that was

coined in [16] for the discrete-time analogue of this scheme.
2.2.3 Asymptotic optimality of order 2
The (asymptotic) performance of the D-SPRT is characterized by the following

proposition:

Proposition 1. For any fized values of the sampling thresholds {A;, A;}, the D-
SPRT is asymptotically optimal of order-2 in the sense of (2.16), i.e.

El[’u,g] — El[uS] = 0(1) , EO[_US] — E()[—’LLS] = O(l) (238)
as a, B — 0 so that o|log 8| + Blloga| = O(1). In particular,
Eifug] — Eifus] <3C +o(1) , Eo[~ug] —Eo[—us] <3C +o(1) (2.39)

where C = YK (A + A,).

It is an immediate corollary that in the Brownian case where the processes
{b+} and {6;} reduce to real vectors [b1,...,bk]|" and [01,...,0k]", the D-SPRT is

order-2 asymptotically optimal also in the sense of (2.20). In particular, we have:

5 3C

E;[S] — ;8] € ——=——+0(1), j=0,1. 2.40
ilS] ][]_0.525;91.[% L, J (2.40)

Proof. We start by observing that for any time ¢ we have:
\ut - ’l]t| S C s \&t — ’l]t_‘ < C. (241)

The first inequality in (2.41) implies that [ug — %g| < C. The second inequality
provides a bound on the size of the jumps of the piecewise constant process @ and
it implies that

ig—B<C , ag+A>-C, (2.42)

since 8 corresponds to a jump time of .
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From the first inequality in (2.41) it follows that S is upper bounded pathwise
by the following stopping time: R = inf{t > 0 : u; ¢ (—A — C,B + C)} and

consequently we have:

Ej[/oses-bsds]gEj[/oRes-bsds}<oo, j=0,1 (2.43)

The first inequality in (2.43) follows from S < R and the positivity of the quadratic
form 0; - by = b, - (o, ") o; ' - by, whereas the second inequality from condition (2.7)
and the fact that R is an SPRT test.

Therefore, with a change of measure we obtain

a = Poldg=1)=Efe™s (4.-1)]
1]et

< ech

— u+ti) g—Ug .
o G

Taking logarithms on both sides we have B < |log a| + C and in a similar way we
can show that A < |log 8|+ C. Then, using these inequalities together with (2.41)
and (2.42), we get:

Eifug] = Ex1[(u — @)g] + E1[tg]

. (2.44)
<C+ (B+C)<|logal+3C.

The desired inequality (2.39) now follows from (2.19) and (2.44).

2.2.4 Comparison with the discrete-time centralized SPRT

As we discussed before, the D-SPRT is a valid decentralized sequential test, since
its implementation requires the communication of only one-bit messages. However,
since the fusion center is able to recover the exact sensor observations at the
corresponding communication times, it is meaningful to compare the D-SPRT
with the discrete-time centralized SPRT, which is based on the transmission of the
exact sensor observations to the fusion center at the times t = 0, h, 2h, ..., where
h > 0. Since we do not have closed-form expressions for the performance of neither

of the two schemes, we need to resort to simulations.
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We perform this comparison for the following hypothesis testing problem:
Ho: & =W)  Hy:& =W 4+bt, t>0 (2.45)

where (Wl, RN WK) is a K-dimensional Brownian motion and by, ...,bx known,
non-zero constants. Thus, we assume that each sensor ¢ observes either a standard
Brownian (Hp) or a Brownian motion with constant drift b; (H;). Under this model
for the observations, the increments {{;h—fénil) ,} are independent and identically
distributed, and consequently the discrete-time centralized SPRT is also order-2
asymptotically optimal (with respect to the continuous-time centralized SPRT).
For the comparison to be fair, we need to equate the expected intersampling
periods Eg[7}] and Eq[r{] with the constant period h, so that the two schemes
require the same communication rate between sensors and fusion center on average.
Indeed, using Wald’s identity together with (2.14)-(2.15), we have:
Eol[r{] = E1[7i] = h & Eo[—ul,] = Eq[ul,] = 0.5[b;[*h
! ! (2.46)
& s(A, A) = s(A;, A;) = 0.5]b]*h
Thus, if we set A; = A; = A;, (2.46) becomes s(A;,A;) = 0.5]b;|>h and for
any given drift b; we can compute the sampling period h that corresponds to the
threshold A; and vice-versa. For example, in the simulations in Fig. 2.7 we chose
K =2,b =by=1and A; = A, = A; = 2 for each sensor i, thus h had to be
equal to 3.0462.
From Fig. 2.7 we can see that the distance between the D-SPRT and the opti-
mal continuous-time SPRT remains bounded, which agrees with (2.39). Moreover,
the D-SPRT exhibits a distinct performance improvement over the discrete time

centralized SPRT which is applied after canonical deterministic sampling.

2.2.5 Rare communication / many sensors

The inequalities (2.39) imply that — with a fized number of sensors and with a fized
communication rate between sensors and fusion center — the distance between the

D-SPRT and the continuous-time centralized SPRT is bounded for any horizon
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Figure 2.7: D-SPRT versus SPRT

of observations. The question we want to answer now is what happens if the
communication between sensors and fusion center is very infrequent (A;, A; — 00)
and/or the number of sensors very large (K — o0).

In this case, it is a direct consequence of (2.19) and (2.39) that the D-SPRT is

asymptotically optimal of order-1, i.e.

m

10 (2.47)
jlus]

m

aslongas C = S8 (A4 A,) = o(|log al) = of|log 8]) as a, 8 — 0 with | log 8|+
Blloga| = O(1). Thus, the D-SPRT remains asymptotically optimal, even with
Ai, A; — oo or K — 00, as long as A, B are much larger than C = Z{;(Zi +4)),

however in this case it loses its second-order optimality.

2.2.6 Level-triggered communication as repeated local SPRT’s

Let us now restrict ourselves in the case that the sensor processes ¢1,... &5 are
independent. Then, the local sufficient statistic {u} -see (2.22)- corresponds to the
log-likelihood ratio of {£} and the level-triggered communication scheme (2.32)-

(2.33) can be seen as a series of repeated local SPRTs. This observation leads to
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an interesting representation for the thresholds A;, A; and an interesting interpre-
tation for {ut}.

Indeed, comparing (2.32)-(2.33) with (2.4), it becomes clear that the pair
(74, 2%) corresponds to an SPRT (2.4) with test statistic {u!} and thresholds
—A;,A;. Thus, the message 2! that sensor i transmits to the fusion center at
74 is the decision of this local SPRT; we can think of this message as a preliminary
decision of sensor ¢ for the testing problem (2.5) or more precisely for its local
testing problem:

Hozgg:/ta;‘idwg, t>0
° . (2.48)
Hy @& :/ bgds+/ cdWl, t>0,
0 0
At time 7{ sensor i repeats exactly the same procedure; thus, it starts a new SPRT
with test-statistic {ui—u% }tzr} and thresholds —A,;, A; and at time 74 it transmits
to the fusion center the decision 23 of this second local SPRT.
i

Similarly, at any time 7;_; sensor ¢ starts a new SPRT with test-statistic

{ul — uii,l}tzfiq and thresholds —A;, A; and at time 7! it transmits to the

fusion center the decision z/, of this n'* local SPRT.

Notice that for each sensor i the processes {ué}te[ri,l,nﬁ] and the pairs (18 —

7t 1, 21) are not independent and identically distributed, even if the underlying

process & has the Markov property. The only exception is the Brownian case
(b = b;, 0% = 04;), where each & not only has the strong Markov property but
also restarts probabilistically at the stopping times (7).

However, since & — 7! _; is an SPRT stopping time (for every n € N) with
thresholds —A;, A;, then E; [ufﬁ,1 _uiﬁ_l] will be given by (2.14) with A, B replaced
by A;, A;, that is:

E1 [’U,Z

7
Z 7
T Th_1

J=5(8i,4;) , —Eolul; —uli ]=s(A;,A:) (2.49)

Similarly, although the error probabilities Py (2, = 0) and Pg(zf, = 1) vary with n,
they are all described by (2.18) so that:

A =1 .
1 Og PO(Z;ZL — 1) Y

P1(zl, = 0)
—A; =log —2>——~= : 2.
A, = log Polzi =0 n €N (2.50)
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Therefore, it becomes clear that A; corresponds to the log-likelihood ratio of the
event {2}, = 1} and —A,; to the log-likelihood ratio of {2, = 0} for every n € N.
This means that ag}.l -defined in (2.34)- would be the log-likelihood ratio of the
vector (zi, ..., 2L) if the signals zi, ..., 24 were independent under each hypothesis.
However, this is true only in the Brownian case, where 2%,...,z¢ are not only
independent but also identically distributed under each hypothesis. Therefore, we
can think of ﬂfr;; as a hypothetical log-likelihood ratio for the vector (zi, o2,

which treats the signals 2%, ..., 2% as independent even if they are not.

2.2.7 Specification of the thresholds

The thresholds A;, A; determine the rate of communication between sensor i and
the fusion center. From (2.42) it follows that smaller values for A;, A, lead to more
frequent communication and better D-SPRT performance. But in practice very
frequent communication may be very expensive and the network may not be able
to support it.

Thus, the choice of the thresholds A;, A; at sensor i basically depends on how
often sensor 7 is allowed to communicate with the fusion center. Consequently,
we could specify the desired expected period of communication at sensor ¢ under
each hypothesis and choose A;, A, in order to attain these targets. We actually
performed such a specification with (2.46) in the Brownian case.

The problem with this approach is that —unless we are in the Brownian case—
the times (72 — 7¢_;),, are not independent and identically distributed, thus their
expectations E;[7¢ — 72 _,] will vary with n. Therefore, it is not possible to attain
certain targets for E;[ri — 7 _,] for every n € N with only the two free parameters
Ay, A;. In order to do that, we would need to adapt the thresholds A;, A; at each
communication time, but this choice has certain practical difficulties (see next
section).

However, we can follow a different approach and specify target values for
i

Ejlul, —u’; ] instead of Ej[r;, — 7 ;] under each hypothesis H;, j = 0,1. Then,

n n—1

if the sensor processes are independent, from the previous section it follows that
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the quantities EO[“?}‘L - uir,i,l] and El[ui% — ui;t 71] have the same values for all
n € N and these values are given by (2.49). Therefore, it suffices to solve the two
non-linear equations in (2.49) in order to compute the appropriate values for A;
and A,.

Apart from its practical advantages, this specification also has a very intuitive
interpretation; we choose the thresholds A; and A, that guarantee that a cer-

tain amount of information has been accumulated between any two consecutive

communications from sensor 7.

2.2.8 Time-varying thresholds

We can generalize the D-SPRT by replacing A; and A; with two sequences of
positive thresholds {Zzn} and {A’}, so that sensor i communicates with the fusion

center at the times

o= inf{t >l —ul, ¢ (AL A}, neN (2.51)

n—1

and at time 7! it transmits the binary signal:

1, if o —uf_i > A

. i
3 Tn

Zy = , A . (2.52)
0, iful, —u!;, <-Aj
Tn Tn—1

The thresholds ZZ and A! can be random, as long as they are .7-";-171 A .7-:% -
measurable random variables. This means that each sensor i must specify the
thresholds ZZ, A for its n'" transmission by time 7! ; and must transmit these
values (together with the message z¢) to the fusion center at time 7.

For example, if we wanted the expected time between any two consecutive com-
munications to be equal to a fixed constant h under both hypotheses, then each
pair Zﬁl,é; should be chosen to satisfy E;[1} — Té_l’fifb,l] = h, 7 =0,1. Notice
however that there is no closed-form expression for the conditional expectation on
the left-hand side, thus the specification of ZZ, Al is not straightforward. More-
over, communicating the values of the thresholds to the fusion center requires a
larger alphabet at each sensor and restricts the thresholds that can be chosen in

practice.
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Of course, the thresholds {Z;} and {A’} do not have to depend on the sensor
observations; instead, they can be deterministic sequences which become known at
sensor 4 and at the fusion center from the beginning (at time ¢ = 0). For example,
the sequences {Z;} and {A®} can be chosen in advance so that the same amount
of information is accumulated at each sensor between any two communications.

This can be achieved using (2.49), from which we obtain:

Eqful; —ul ]:s(ZZ,éfl) , —Eolul, —uli ] =s(A Al

i i i i (2.53)
In any case, assuming the communication scheme (2.51)-(2.52) can be imple-
mented, we suggest that the fusion center approximates {ul} with
@ =Y [E - Al -], n<t<rio, (2.54)
j=1

and implements the D-SPRT (2.37) with test-statistic @ = Zfil .

It is clear that (2.54) is a generalization of (2.36) and it allows the fusion center
to recover the values of each {u¢} at the corresponding communication times (2.51).
Moreover, {;} satisfies the inequalities in (2.41) as long as C' = sup,, C,, < o0,
where we define C), = Zfi 1(me + AY).

Consequently, it can be shown — in exactly the same way as in the case of
constant thresholds— that the D-SPRT satisfies (2.38) and is order-2 asymptotically
optimal as long as the thresholds {Z;} and {A%} are uniformly bounded in n and

1.

2.2.9 Non-parallel boundaries

Another way we can extend the communication scheme (2.32)-(2.33) is to use linear
instead of parallel boundaries, so that sensor ¢ communicates with the fusion center
at the stopping times:

7'72 = inf{t > 7'7%}1 : Ufﬁ - Ulfz ¢ (—A; +9;(t - 7271) ) A — gi(t - T’fl,fl))} (2.55)

1
and at time 7¢ it transmits the binary signal
1 ifuy — usz >N =0t =718 _4)

2= .71,71 _ ) ) (256)
0, fum—uls <—A;+06(m,—7,4)

I
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where A;, A;,9;,68; are positive constants, chosen by the designer of the scheme
and known to the fusion center. Since the linear boundaries in (2.55) intersect
(see Fig.2.8), the intercommunication times (75 — 7¢_;),, are bounded. This is an
important difference with the case of parallel boundaries (6; = §; = 0) where the
times between two consecutive communications are almost surely finite but not

bounded.

Linear boundaries Linear boundaries

T A/ T T

Figure 2.8: Event-triggered communication with linear boundaries.

We suggest that the fusion center approximates the process {u}} with

b = Z [[Az — 51‘(7'; — T]Z-;l)] z; +[-A; + Qi(T; — T},l)](l — z;) , t>0, (2.57)

and the global log-likelihood ratio u = 3.5 w with & = Y25 | @ (see fig. 2.9).
Then, {4} satisfies the inequalities in (2.41), i.e. for all ¢ > 0 we have: |u;—u:| < C
and |y — ;| < C, where C = S8 (A, + A)).

Consequently, if we replace the global log-likelihood ratio u = Zfi 1 u' in the
definition of the SPRT (2.4) with the test-statistic u = Zfil @', the resulting
sequential test will satisfy (2.39) and consequently it will be asymptotically optimal

of order-2; the proof for this result is exactly the same as in the case of parallel
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Linear boundaries

o—v.v
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T Ty

Figure 2.9: Local approximations at the fusion center

boundaries. However, we can no longer use (2.49) in order to specify the values of
Z’ia éz .
There is nothing special about linear boundaries in the above argument. Thus,

we can replace (2.55)-(2.56) with the following non-linear boundaries

To=inf{t > 7y cup—ul @ (git = 7 ), hi(t = 7))

1
. i
3 Tn

1, iful, — ui,i > gi(t—T1h_4) (2.58)

0, if ul —uii Shi(t—TfL_l)

™
where each h;(t) is a decreasing continuous function with h;(0) = A; and each

gi(t) an increasing continuous function with g;(0) = —A,.

2.3 Decentralized sequential testing for jump-diffusions

In the previous section we introduced and analyzed a decentralized sequential test
for the hypothesis testing problem (2.5), i.e. when the sensors observe It6 processes

under each hypothesis. This suggested decentralized scheme consisted of:

e the event-triggered communication scheme (7%) — (2%), defined in (2.32)-
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(2.33),

e the approximations {u:} to the local sufficient statistics {ui}, defined in

(2.36),
e and the fusion center policy (S, dg), defined in (2.37).

We proved (2.41), which means that the performance loss of the D-SPRT is
bounded for any fixed rate of communication and error probabilities. This prop-
erty implies order-2 asymptotic optimality for small error probabilities and any
fixed rate of communication and order-1 asymptotic optimality for small error
probabilities and infrequent communication. Moreover, we saw that we can con-
sider more general communication schemes, such as (2.51)-(2.52) or (2.55)-(2.56),
without affecting the asymptotic optimality properties of the scheme.

In this section we consider the case where the observed sensor processes and
consequently the log-likelihood ratio {u;} do not have continuous paths. In this
case, the fusion center can no longer implement the model-free approximations
(2.36) and we cannot have a bounded performance loss such as (2.41).

Our goal is to show that if we restrict ourselves to independent sensors which
observe Lévy processes, then we can modify the fusion center policy so that the
resulting scheme preserves the order-1 asymptotic optimality in a certain sense.
This decentralized sequential scheme is the direct analogue of the scheme proposed
in [16] in a discrete-time setup and their analysis are almost identical for that reason

we do not prove here the results but refer to the discrete-time case.

2.3.1 Overshoot accumulation

As before, we assume that the global log-likelihood ratio {u;} admits the decom-
position u = Zfil u' so that each {ul} is {F;}-adapted and we consider the
event-triggered communication scheme (7) — (z%) described by (2.32)-(2.33)

As soon as we remove the assumption that each {u!} has continuous paths,

the fusion center is not able to recover the values of {ui} at the times (7¢),ecn and

consequently it cannot use (2.35) to approximate {u}}.
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Indeed, (2.34) is no longer true and is replaced by:

n

n
i%:Z[UZT;—U%A] :Z[ZM}— l—z }—1-277], neN, (2.59)
Jj=1 J=1

U

where by {1} we denote the overshoots

mh o= (ul —ul, = A)T—(uh —ul. +A)7T, neN, (2.60)

a i @
Tn n—1 Tn

whose values do not become known to the fusion center (notice however that 1’ is
non-zero only if 7% is a jump time of {ui}).
Moreover, (2.60) implies that unlike the case of continuous-path observations,

the approximation (2.35), i.e. @i = u’,, t € [, Tn11) is not equivalent to (2.36),

7—27

ie. ‘
my

=3 [& 2= A1 -2, (2.61)
j=1
However, the latter approximation is implementable, thus it would be interesting
to see if it is possible to use this.
For simplicity let us assume that the jumps of {u!} are bounded, which implies
that the overshoots (7 )nen are also bounded. Then, from (2.36) and (2.59) we

have:

|G — uj| < (Ai+ A;) +sup|nh| my, t>0, (2.62)
n

where by m; we denote the number of transmissions from sensor ¢ up to time ¢
which were associated with a non-zero overshoot, i.e. m; = max{n : 7, <t, n! #
0}.

Therefore, for the global approximation @ = Efi 1 4 we have:
\ﬂt—ut| SC—&—ant y ’ﬁt—fbt_| < C, tZO, (263)

where 6 = max; sup,, |n|, C = Zfil(& +A;), my = Zfil me.
(2.63) is the analogue of (2.41) in the case of discontinuous processes (with
bounded jumps) and shows that the distance between {u;} and {%;} is unbounded.

This implies that the discontinuity of the sensor processes generates overshoots
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whose accumulation can deteriorate significantly the quality of the D-SPRT. More-
over, it implies that in this context we need a different analysis than in the case of
sensor processes with continuous paths.

However, using the approximation (2.36) the fusion center ignores completely
the overshoots {n} and behaves as if the sensor processes had continuous paths.
Therefore, it is reasonable to expect that if we replace (2.36) with an approxi-
mation that incorporates the underlying sensor dynamics and approrimates the
overshoots, we could mitigate the performance loss associated with the overshoot
accumulation.

A natural way to do so is to work directly with the log-likelihood ratio that cor-
responds to the fusion center filtration, {]:"t}, instead of trying to approximate the
log-likelihood ratio that corresponds to the global filtration in the sensor network,
{F¢}. This approach will lead to an approximation of the overshoots, however
it will not enjoy the universality of (2.36), which is an approximation completely
independent of the sensor dynamics. Indeed, in order to compute explicitly the
log-likelihood ratio that corresponds to the fusion center filtration, we need to

impose some structure on the sensors dynamics.

2.3.2 D-SPRT for jump-diffusions
2.3.2.1 Problem formulation

We assume that each sensor process {£:} has stationary and independent incre-
ments and its paths have finitely many jumps. Moreover, we assume that the sensor
processes are independent under each hypothesis. Thus, we restrict ourselves to
the testing problem described by (2.23) and (2.24).

In this context the log-likelihood ratio process {u;} can be written as the sum
of the local log-likelihood ratios {u}}. Moreover, we can apply the level-triggered
communication scheme (2.32)-(2.33), which determines the flow of information at
the fusion center.

It is important to emphasize that sensor ¢ sends to the fusion center not only the

bits (2% )n, but also -implicitly- the intercommunication periods (6, = 72 — 7% _),.
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Thus, the local filtration {F}} at sensor i is “approximated” at the fusion center
by

Fi=o((z4,8), j=1,....m}), t>0. (2.64)

whereas the global filtration at the fusion center is:

Fro=o0((z500), j=1,....,m{, i=1,... . K), t>0. (2.65)

Due to the Lévy structure of the sensor processes and their independence under
each hypothesis, the pairs (2!, 6! )nen are independent and identically distributed

and we denote their joint pdf under H; by pé.(z, 9),7=0,1.

Thus, the testing problem (2.24) at the sensors becomes at the fusion center

Ho : (zi 5i) ~tid pé(z,&), Vi , Hi: (zi 5i) ~tid pi(z,&), Vi (2.66)

n»“n n» - n

2.3.2.2 The likelihood ratio at the fusion center
First of all, we observe that we can write:

Pi(2:0) =11 g1(0]2) om0y + (L= 71) 61(6]2) (o=1),
' o o (2.67)

Po(z,0) = (1= m5) 96(612)  (a=0y + 70 90(6]2) (2=},
where 7! = Py (2!, = 0), 7 = Po(2}, = 1) and by g§(5|z) we denote the conditional

pdf of &, given that 2!, = z under H;, j =0, 1.

Thus, 7¢ is the probability that sensor i exceeds the lower threshold —A,
under Hy, whereas ), is the probability that sensor i exceeds the upper threshold
A; under Hg. In other words, we can think of 7r6 and 7} as the local type I and

type II error probabilities, respectively.

Moreover, the marginal pdf’s gj- of 0 under H;, j = 0,1 take the form:

90(8) = m 93]z = 1) + (1 = mp) g3 (8|2 = 0)

91(0) = mi g1 (]2 = 0) + (1 — 71) gi(3]> = 1)

(2.68)

Suppose now that we are at time ¢ and that the fusion center has observed the

mi = k pairs (21,8%),...,(2L,8%) from sensor i. Since 7} = Zle 8¢ we can write:

{mj =k} = {01+ 40, <t <8+ 40+ 841} = {0 <t =7 <y} (2.69)
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and using the independence of the pairs we have:

P](mfﬁ = k; (Zi’ 51)7 SRR (Zlic’ 6119))

=Pj(0 <t — 7% < 0ys (21,0), -, (24 01))
[1 — Gl t_Tk <H p] na n ) {Téﬁt}’

where G;(&) 05 Z( )dx is the cdf of §% and 9; t(d) is the marginal pdf defined in
(2.68).
Using (2.67) we have:

(2.70)

k
Pl(mi:k, (23571),,(22,,5;%)) = ([1Gl tiTk Hg 5 |Z {T;:St})
n=1

k
< [Ja—ni) (@)=

n=1

and similarly:

k
Po(mi = k; (21,61),- -, (2, 0%)) = ([1—0115—% 11 96120 {T,ggt}>
n=1

k .
b e}
x || )2 (1 — md) i

In both expressions, the second factor in the right-hand side is the likelihood of
the 1-bit data {zi, e z}i} and the first factor is the likelihood of the intersampling

periods {d%,...,8.} conditioned on the 1-bit data {z},...,2%}.

The corresponding likelihood ratio then is:

dPy| " [1—Gi(t - T]i)]

Ug

91 (05127
. =€ - . ><|| . = t>0 2.71
dPo | Fi 1 -Gyt —1)] 94 2.11)

where 7! is the log-likelihood ratio of the 1-bit data that have been transmitted

from sensor ¢ up to time t, i.e.

my
=3 N N =Rl - A1 2 (2.72)
where )
1— m 1-— 7T6
A, = log , Az =1 g (2'73)
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Combining all sensors and using their independence, we obtain the likelihood ratio
that refers to the total information ]:'t accumulated at the fusion center until time

t:
dP]_ ,&t
—. = X 2.74
dPO ﬁt ¢ t ( )
where u; = Zfi L @ is the log-likelihood ratio of the 1-bit signals that have been

transmitted from all sensors up to time ¢, i.e.

K my

=YY (A2l — Ay(1— 2] (2.75)

i=1 j=1
whereas .%; represents the likelihood ratio of the intersampling periods conditioned
on the 1-bit data, i.e.
K

[1—Gi(t— Tk g1 (6812%)
L = 2.76
! 131 [1—Gi H 18024 (2.76)

2.3.2.3 The partial log-likelihood ratio as test-statistic

The full log-likelihood ratio (2.74) is the ideal test-statistic at the fusion center.
However, in order to use it, we need to be able to compute both {@;} and {.%}.
The computation of {i;} requires the knowledge of the quantities {A;, A;}, which
were defined in (2.73). These quantities are not known explicitly, however they
can be pre-computed using simulations. The same is not true for {_%;} for which
we neither have closed-form expressions nor we can use simulations.

Therefore, the full likelihood ratio at the fusion center is essentially decomposed
into a tractable and an intractable part. We choose to use only the tractable part,
thus we approzimate {u;} with the marginal log-likelihood ratio {t;} which was
defined in (2.75).

Notice that (2.75) has exactly the same form as (2.34) with the difference
that the thresholds A;, A; have been replaced by the log-likelihood ratios A;, A;.
Therefore, the distance between {u;} and {u;} will remain unbounded.

We emphasize that the motivation for using the “partial” log-likelihood ratio

{@;} is the simplicity of the resulting sequential test, which allows us to ignore
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the intractable term {4} and does not require the fusion center to record the
interarrival times that correspond to each sensor.

Then, the sequential test at the fusion center is
S=inf{t>0:u ¢ (—A,B)}

> B (2.77)

=
S
=41

U

The sequential test (2.77) is the continuous-time analogue of the scheme proposed

n [16], thus we will also call it D-SPRT.

2.3.3 Asymptotic optimality and design implications

We now state the performance of the D-SPRT in the above framework. As ex-
pected, the performance loss incurred by the D-SPRT is no longer bounded, how-
ever it turns out that their ratio of the D-SPRT over the SPRT performance will
be close to 1 as long as A;, A, are large but smaller than A, B. In particular,
A, A, should be around the square root of A and B.

First of all, in order to avoid unnecessary complications, we assume that there
is some quantity A so that A;, A; = ©(A) as A — oo and that o = ©(3). Then

we can prove the following result:

Proposition 2. If we let « — 0 and A — oo, then:

Eylus] - Eifus] < g

+0O(A), j=0,1. (2.78)

Consequently, the D-SPRT (5’, dg) is asymptotically optimal of order-1, in the

sense that

—1, j=0,1 (2.79)

as long as A = o(|log ).
Moreover, the optimal choice for the divergence rate of A is A = O(y/|logal)
in which case then we have:

Ejlug] — Ejlus]

. = O(|loga|™1?), j=0,1, 2.80
E fis] (logal='7%), j (2.80)
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We skip the proof of this result since it is essentially identical to the corre-
sponding proof in the discrete-time context, which we present in the end of the
next section.

It is interesting to note that despite the fact that the underlying processes are
assumed to be continuously observed, the D-SPRT cannot be order-2 asymptoti-
cally optimal when the observed paths are not continuous.

On the other hand, under (2.24) the D-SPRT has exactly the same order-
1 asymptotic optimality that it enjoys in the case of Ito6 processes (see (2.47)).
Thus, the D-SPRT has the same behavior for both problems (2.5) and (2.24) when
A;, A, — oo. The difference of course is that under (2.5) smaller values for A;, A,
improve the performance of the D-SPRT, whereas this is no longer true under

(2.24) due to the overshoot effect.

2.4 Decentralized sequential testing in discrete time

We now consider the discrete-time sequential testing problem (2.28), thus we as-
sume that sensor i observes a sequence (£!);eny of independent and identically
distributed random variables under each hypothesis. We additionally assume in-
dependence across sensors, thus the global log-likelihood ratio {u;} —defined in
(2.29)— admits the decomposition u; = Zfil ul, where {ui} is the marginal log-

likelihood ratio that corresponds to the sequence {£!}.

2.4.1 Level-triggered communication and overshoot effect

Before we define the suggested communication scheme in this framework, we should
underline that in discrete time a sensor is able to communicate with the fusion
center every time it takes an observation. In other words, every observation time
can be a communication time, i.e. 78 = n, n € N. However, insisting on the idea
that the sensors should communicate with the fusion center only when they have
an important message to transmit, we propose the same communication scheme

as in the continuous time case. Thus, we suggest that sensor ¢ communicate with
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the fusion center at the times
L =inf{t > 7 | :ul — u’Tl ¢ (—A;,A)}, neN, (2.81)

transmitting the messages

2 = T T (2.82)
0, if w!, —u!;, < _éi
Tn Tn—1

which informs the fusion center whether u’ has increased at least by A; or decreased
at least by A, in comparison to its value at the previous communication time,
where A;, A, are positive constants, fixed in advance and known to the fusion
center. Notice that the number of times that sensor ¢ has communicated with the
fusion center up to time ¢ is random, it takes values in {0,1,...,¢} and we denote
it by mi = max{j : T; <t}

As in the case of Lévy processes, the fusion center cannot recover the value

of u' at the communication times (7%),, using the signals (z¢),. Indeed, (2.34) is

n

replaced by

n

uly = [Nz — A(1—z)]+ ) ni, neN (2.83)
j=1 j=1

where with 1! we denote the overshoot

My = (ufy —ube =AY+ (ul —uls +A)7, neN (2.84)

4
n—1 Tn n—1

to which the fusion center does not have access. Notice moreover that the over-
shoots (n},) are non-zero with probability 1, thus every transmission is associated
with an overshoot which deteriorates the D-SPRT performance (whereas in the case
of jump diffusions the overshoots have positive probability to be 0). We illustrate
the overshoot effect under a discrete-time setup in Fig. 2.10. Despite this differ-
ence, it is clear that the discrete-time framework shares a lot of similarities with the
case of continuously observed Lévy processes, since the probabilistic structure in
both problems is the same (independent sensors, iid observations/increments) and

in both setups there is an overshoot effect. Therefore, we can argue in exactly the
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Figure 2.10: Overshoots in level-triggered communication

same way as in the jump-diffusion case and suggest the following approximation
to the local log-likelihood ratio u}

n

i= Y Rl - A1 -2, r<t<r (2.85)
j=1
where
_ Pi(zi =1) Pi(z,, =0)
Ri=log gt in—2 | —A;=log .- "— L. 280
8 Po(zh =1) 508 Po(z}, = 0) (250

and the following sequential test at the fusion center

S = inf{t e N: a; ¢ (_A’ B)}

ig> B (2.87)

In Fig. 2.11 we show that using the statistic {@!} mitigates to some extent the
overshoot effect.
2.4.2 Asymptotic optimality and design implications

Before we state the main result, we introduce some quantities that will be useful

in the statement of the result and its proof. Thus, we denote by 6 the maximal
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f J /

Figure 2.11: Fusion center approximation in discrete-time (continuation of 2.10)

expected overshoot:

6 = max max E;|]]. (2.88)
j i

Moreover, we assume that there is some quantity A so that A;, A; = ©(A) as

A — oo and that a, 8 — 0 so that a = ©(3). We then have the following result.

Proposition 3. If we let o — 0 and A — oo, then:

| log o .
|Ejlug] — Ejlus]| <0 o) ©(A), j=0,1 (2.89)
Moreover, if A = o(|log a|), the D-SPRT is asymptotically optimal of order-1, i.e.
Ejlus] .
—1, j=0,1. 2.90
Ejfus] / (220

Finally, the optimal divergence rate for A is A = O(y/|logal), in which case we

have:
Ejlug] — Ejlus]
Ejlus]

= O(|logal™Y?), j=0,1. (2.91)

Therefore, in order to optimize the asymptotic performance of the D-SPRT,
the local thresholds A;, A; should be large, but smaller than A, B; in particular,
A;, A, should be around the square root of A, B. This result reflects the trade-
off in the heart of the discrete-time D-SPRT. On the one hand, small thresholds
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{A;,A;} allow the overshoot to be large and aggravate the inflicted performance
loss. On the other hand, large thresholds {A;, A;} stabilize the overshoot but
delay the communication between sensors and fusion center and the corresponding
decision at the fusion center. We illustrate this trade-off in a “microscopic” level
in Fig. 2.12 and in a “macroscopic” level in Fig. 2.13.

The proof of this proposition is quite involved and we present in the end of this
chapter. Before we do that, in the next section we explore how the performance

of the D-SPRT can be improved dramatically with oversampling at the sensors.

Figure 2.12: Small vs. Large Thresholds and overshoot effect

2.4.3 Oversampling and order-2 asymptotic optimality

The previous proposition implies that the performance loss of the discrete-time
D-SPRT is unbounded and that asymptotic optimality can be achieved only if we
let A;, A; — co. However, it is easy to see from (2.89) that for any fixed thresholds
{A;,A;} the inflicted performance loss becomes asymptotically bounded as long
as we let § — 0 so that § = O(|loga|™1).

Therefore, if we fix the thresholds A;, A;, the D-SPRT will have a bounded

distance from the SPRT as long as the overshoot parameter 6 vanishes at a certain
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Figure 2.13: Small vs. large Thresholds and overshoot effect.

rate with the horizon of observations. Of course, for this result to be of practical
interest, the designer of the scheme should be able to control the overshoot pa-
rameter 6 and make it as small as possible, just like he can control the horizon of
observations through A, B and the rate of communication through A;, A,. Tt turns
out that this is indeed possible in some cases, as the one that we now present.
Suppose that the underlying sensor processes are independent Brownian mo-

tions, so that the underlying hypothesis testing problem is:
Ho:& =W,  Hy:& =W 4+bt, t>0 (2.92)

where (W1, ..., Wk ) is a K-dimensional Brownian motion and by, ..., bx known
constants. If each sensor i observes its underlying process {¢{} continuously, then
(2.92) is a special case of (2.5) and the resulting D-SPRT is order-2 asymptotically
optimal.

On the other hand, if all sensors observe their underlying process only at the
discrete-times t = 0, h, 2h, ..., as it is the case in practice, then the hypothesis

testing problem (2.92) becomes

Ho : € — € ~ N0, R), Vi Hy &y — €y~ N(bih, h), Vi (2.93)
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which is a special case of (2.28), therefore (2.89) characterizes the asymptotic
performance of the discrete-time D-SPRT.

We will now show that in the context of problem (2.93) we can control the
overshoot parameter 6 through the sampling period h at the sensors. In particular,
we will prove that § = O(h'/*).

In order to establish this claim, we start by the log-likelihood ratio of the

Brownian increments {&}, — fét—l)h}tENﬂ which is

¢
ul = Z [—0.5|b¢|2h +bi(&n — §En_1)h)], teN (2.94)
n=1
Setting
Th=inf{t > 0:ui < —A}; 7 =inf{t >0:u > A;}. 2.95
1 t 7 1 t

we can write

Tf =inf{t >0: ui ¢ (-4, A)} = min{fi,?ﬁ}

i (0 X+ i _
m = (uy — A7 = (u + 4y) (2.96)
= (g = 8 g omy ~ (i ) <oy
1

and we have the following upper bound on E;[|n}|]:
£l ) < Eyludy — A+ By (i + A, (2.07)

Then, from [27] we obtain the following upper bounds on the two terms of the

right-hand side:

IN

; — 92 E.[|gi|r+1 1/r
sup Ejful, — Ay [“r ;1] ]] |

5 P+ Jg (]
e . ;Z i+1 1 (2.98)
sup E5[-(u + 4] < [ 2EMAL]
A,>0 i r+1 (4]l
where 7 > 1. Setting r = 2 we get:
sup Eqful, — A;] = O(hY*) ,  sup —Eolul, + A;] = O(RY4). (2.99)
A;>0 ! A4,>0 -t
and consequently § = max; max; E;[|ni|] = O(h'/*), which was the claim we

wanted to prove. Therefore, the designer of the scheme can force 6 to tend to

0 by letting h — 0.
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We can now state the following proposition.

Proposition 4. Consider the hypothesis testing problem (2.93) and the discrete-
time D-SPRT where the thresholds A;, A; are arbitrary and fized. If we let h — 0
and a — 0 so that h'/*-|log | = O(1), the discrete-time D-SPRT becomes order-2

asymptotically optimal, i.e. Ej[ug] — Ej[us] = O(1), j=0,1.

This proposition reconciles the behavior of the D-SPRT in discrete and contin-
uous time. In particular, it specifies how frequent the sampling at the sensors must
be for the assumption of “continuous-time” to be valid. Moreover, it implies that
the sensors should sample their underlying continuous-time processes as frequently
as possible without worrying very much about the choice of the thresholds A;, A, .
Indeed, if the sensor processes are sampled “sufficiently” fast, the resulting perfor-
mance loss is bounded, whereas the D-SPRT performance becomes a decreasing
function of the thresholds {A;, A;} and the latter will be determined exclusively
by the cost of communication and the available budget.

It is important to underline that this property of the D-SPRT is not at all
trivial and is not necessarily shared by other decentralized schemes. We illustrate
this point with some simulation experiments. We set K = 2, by = by = 1 and
we consider two values for the sampling period h and the thresholds A; = A, i.e.
h =1,0.1 and A; = A; = 1,2. We compare the discrete time D-SPRT with the
optimal discrete time SPRT and also with the test suggested by Mei in [31], which
is asymptotically optimal.

Fig. 2.14 depicts the K-L divergence of the competing schemes. We recall that
in this case the K-L divergence is proportional to the expected detection delay.
The reason that we decided to present the former measure instead of the latter
is because the K-L divergence is independent of the size of the samples while the
detection delay varies drastically with this quantity (smaller samples tend to need
more time to reach the same threshold).

We observe that D-SPRT exhibits a notable performance improvement when
we go from the value h = 1 to h = 0.1. This is in complete accordance with

our previous analysis since h = (0.1 generates likelihood ratios and overshoots of
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Figure 2.14: Performance of centralized and decentralized tests for Brownian Mo-

tions
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smaller size than h = 1. The optimum SPRT on the other hand and Mei’s scheme
are relatively insensitive to this change of size in the samples. For D-SPRT, it
is basically the error accumulation expressed though the difference |u; — ;| that
improves as we use smaller h, incurring an overall performance improvement. What
is also worth emphasizing for the D-SPRT is that the communication frequency
(expressed in continuous time) between the sensors and the fusion center stays
relatively unchanged under both values of h while in the other two schemes it
increases by a factor of 10.

Finally, in Fig.2.14 we can also observe that the performance of the D-SPRT,
as a function of the local threshold value A, = A; = A, is not monotone. Indeed,
case A = 2 is better than A = 1 for smaller values of «. Additionally, the error
probability values where A = 2 prevails are increasing with the size of the samples.
This performance can be explained by our analysis. We recall that the optimum
local threshold is @(\/m) suggesting that the error probability where any
specific A is optimum is roughly a = ©(exp(—A?/0)). Consequently, a larger
threshold delivers better performance at a smaller error probability and this value

is an increasing function of the size € of the samples.

2.4.4 Proof

In this section we prove inequality (2.89), which is the analogue of inequality
(2.39) and guarantees the asymptotic optimality of the D-SPRT in discrete-time.
We prove the result only under H; with the understanding that the proof is almost
identical under Hy.

We start with the main idea of the proof and discuss the additional complica-
tions that are presented in the discrete-time setup. First of all, we observe that
i — 1] < C' = Zfil(Ki +4A,;), which is the analogue of the second inequality in
(2.41). From this observation it is clear that g — B < C'. Moreover, we recall that

for the discrete-time centralized SPRT we have E;[us] > |loga| + o(1), therefore
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—following the same steps as in the proof of (2.39)— we have:
Eifug — us] < Eiflug — ugl] + Eiltg] — Exfus]
< Eifjug — ig|] + B+ C' — |loga| + o(1) (2.100)
< Eifjug — agl] + (B — [log a]) + C" + o(1)
In the case of It6 processes, both Ei[jug — 4g|] and B — |log a| were bounded by
C = Zfil (A; + A,;) due to the pathwise inequality |u; — @] < C, t > 0. However,
a similar inequality is no longer true in discrete time due to the emergence of the
overshoots.
Therefore, in order to prove (2.89) we essentially have two establish appropriate

upper bounds for B — |loga| and Eifjug — ugl], i.e. to estimate the overshoot

accumulation.

2.4.4.1 Connecting the thresholds A, B with the error probabilities «, 3

Lemma 1.

B <|loga|, A< |logp| (2.101)

Proof. Let us assume for simplicity that at any given time the fusion center receives
at most one message from the sensors. This will allow us to prove the result
avoiding difficulties in the notation, but we remove this assumption in the end of
the proof.

First of all, we denote by z, the nth binary message that arrives at the fusion
center irrespectively of the sensor which sent it and by k, the identity of the sensor
which transmitted the nth sample. The flow of information at the fusion center
is then described by the filtration {C,}, where C, = o((z1,k1) ..., (2n,kn)). The

fusion center likelihood under H; after the arrival of the first n messages is:

Pi((21, k1), o, (2ns Kin)) = Py, k) [ [ Pi(ailon, -z by o)
= (2.102)
P kl,..., HPJ Zl‘k‘l
=1

The first equality uses simply the definition of conditional probability. The second

equality is based on the fact that z; (the value of the (th transmitted message at the



CHAPTER 2. DECENTRALIZED SEQUENTIAL TESTING 99

fusion center) is independent of all other messages {(z;,k;),j # [} conditionally
on k; (the identity of the sensor from which the /th message was transmitted). For
the third equality we simply used our notation that a sample coming from sensor
i is denoted as 2.

The likelihood ratio after the arrival of the nth message is

Pi((z1, k1), (o kn)) _ s,
Po((z1,k1) -+ (zny kn)) 2 (2.103)

where —recalling the definition of the log-likelihood ratios A;, A,~ we define

4 — Prlbr o B)
" Po(ki, ... kn)

no (2.104)
o= Y (A, 2+ Ay, (1- )],

j=1

The process v, is of course closely related to the process ;. Note that u; is
expressed in terms of the global time ¢, whereas 7,, in terms of the number of
messages n received by the fusion center. To explicitly specify their dependence,
let {7,} be the increasing sequence of communication times between any sensor
and the fusion center, where 7, is the time instant (in global time) that the fusion
center receives its nth message. Then the two processes are related through the
equality vp, = U, .

The fusion center policy can also be expressed in terms of number of messages

at the fusion center as

N =inf{n € N: 4, ¢ (-4, B)}
(2.105)

s

X
IV
oo

; 1t
T ) o, i _A,

st
=
IN

and we clearly have .7 = 77 and dy = d ;. Now, N s a {Cp,}-stopping time
which represents the number of messages that are collected by the fusion center
until a decision is reached by D-SPRT, whereas d ; is C ;-measurable random

variable which represents the D-SPRT decision rule.



CHAPTER 2. DECENTRALIZED SEQUENTIAL TESTING 60

Since {d ; = 0} = {0 ; < —A} e C 7, with a change of measure we have

B=Pi(d ;=0)=Eif _pl =Bl by o gl < e Eole 7],

(2.106)

—~

<
%

A

and taking logarithms in both sides we obtain A < |log 3| + log Eo[¢ ], thus
it suffices to show that Egl¢ ;] = 1. But {¢,} is a likelihood ratio, thus it is
a (Po,{C,})-martingale with Pg-expectation equal to 1. Therefore, it suffices to
show that we can apply optional sampling theorem. This is possible due to the
special form of the {C, }-stopping time N

Indeed, since N is a Pg-a.s. finite stopping time, it suffices to show that
Eo[l¢ ;|] < oo and limy, o Eol¢n {n<,A7}] = 0. Since ¢, is a C,,-measurable random
variable and {n < N } € Cp, from a change of measure we obtain

—Un

Bolén (nesy] = Erle™ 00 6n ()]

(2.107)

=Bl ) < e AP (< ) 50

as n — co. Notice that the inequality is due to the fact that —A < @, < B for
n< N , whereas for the limit we have used the fact that N is Pq-a.s. finite.

Similarly, we have

Eoll, 71l = Eolé 7] = Exle "7 ¢ 1o ;) = Bafe 74 < emxABIHC < oo (2.108)

Therefore, we can apply the optional sampling theorem and obtain Egl¢ ;] = 1,
which proves the first inequality in (2.89). The second inequality can be shown in
an analogous way.

Of course, two or more sensors can transmit a message at the same time, thus
we need to modify the previous proof. However, this is straightforward; we can
denote by z, and k,, the vector of transmitted messages and labels, respectively,
at the nth time the fusion center receives messages from the sensors. For example,
if the first messages that the fusion center receives come concurrently from sensor
1 and sensor 3, then we have k1 = (1, 3). Moreover, if sensor 1 has transmitted an
“upward” message and sensor 3 a “downward” one, then we have z; = (1,0) and

the log-likelihood ratio becomes 1 = A; — As. O
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2.4.4.2 Asynchronous Wald’s identities

Let us set ¢ = f(d%,2L nt), where 6!, = 70 — 7¢ | and f(J, 2,n) is an arbitrary
Borel function. Since the triplets (67,22, 7% )en are independent and identically
distributed, it follows that {¢%} is also a sequence of independent and identically
distributed random variables under each hypothesis.

For each i we consider the following filtration C! = n € N and in the

7
T’

following lemma we connect {F;}-stopping times and {C! }-stopping times.

Lemma 2. Let T be an arbitrary {F; }-stopping time. Then, for each i, the random

variable m%— + 1 is an {C}-stopping time, where mi = max{n : 72 < t}.
Proof. For any n € N we have:

{mi +1=n} = {mi =n—1} ={ri_, < T <73}
={T <7 _en{T <7} (2.109)
= {T<7_, —1n{T<7 -1}

Then, since 7 is an {F;}-stopping time, we have:

{m%— +1=n}¢e ’F‘rril—1*1 N frﬁfl C .7:7.% = C; (2.110)

Lemma 3. If T is a Pj-integrable {F;}-stopping time and E;[|C}]] < oo, then:

M
Ej| Y G| = Eslmb + 1EL] (2.111)
n=1
If moreover ¢! >0, then:
£ | G| < (Eslmir] + 1) ELCH) (2.112)
n=1

whereas if |¢}| < M, then:

’Ej [g CZ} — E;[m¥] E[¢i]| < 2M (2.113)
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Proof. Since {(,} is a {C%}-adapted sequence of independent and identically dis-
tributed random variables with finite mean and m%-+1 an integrable {C/, }-stopping
time, (2.111) is a classical Wald’s identity. The integrability of miT—F 1 follows from
the integrability of T, since my < T.

For (2.112) it suffices to observe that since ¢! > 0 we have:

m?+1 m%+1

5[ Y G <B[ X ] =Eimi+ 1L 2.114)
n=1 n=1

For (2.113), we have:
m%+l

. 'mlT -] ;
Ej[ Z C,ﬂ —E; Z GL = Ej] aniT-s-l]
n=1 n=1

My
Ejlmiy + 1 Ei[Gi] — B | D G| = EilC 4] (2.115)
2]

.
Ejlmi] Ej[¢i] — B D G| = Eil¢e ] — EilCH]
L= ™"
and consequently since |¢%| < M we have:

< B [Gs ]l + [ES[GH < 2M (2.116)

’Ej [% Cf{] — Ejmi] E[¢i]
n=1

O]

Lemma 4. Suppose that Eg [eq] = 1. If T is a P;-finite {F;}-stopping time, then

mi+1
EO[ I1 eﬂ ~1 (2.117)
n=1
If moreover (¢ > —M where M is some positive constant, then:
iy
Eo [H eﬂ <M (2.118)
n=1

Proof. (2.117) is a direct consequence of the so-called Wald’s likelihood-ratio iden-
tity, since {[[]_, €%} is a {C}-martingale with Pg-expectation equal to 1 and
mi- + 1 an {C},}-stopping time. For (2.118) we observe:

m%+1 . m? . mi .
1= EO[ I1 e%} —E [ecm’ﬁl eﬂ > M EO[H e%} (2.119)

n=1 n=1 n=1
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which leads to the desired result.

2.4.4.3 The proof

In this section we present the final steps of the proof in a series of lemmas. Before

we do so, we recall that we have set

K K
C=) (Ai+4,),C =) (A+A4A) (2.120)
=1 i=1

and introduce some additional notation that will be important in the next lemmas.

Thus, recalling that \{, = A;2% — A, (1 — 2%) is the log-likelihood ratio of 2%, we set

Ii = Eo[-Ai], Il = E1[\}], [ = min .. (2.121)
7‘7.]
and
R =max{A; — A;, A, — A}, 0 = max Ej[[nj] (2.122)
3 7’7.]

The following lemma shows the log-likelihood ratios A;, A; are always larger than
the thresholds A;, A;, but their distance remains bounded no matter how large
the thresholds A;, A; become. Moreover, it provides a lower bound for I in terms

Of Zi, A’L
Lemma 5. We recall the definition of the function s(x,y) in (2.15). Then:

0<A — A < —c\ (2.123)

) > s(Ag, ) Ié =s(A;, Ay) > s(A;,A) (2.124)

(2.125)
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Proof. Given the inequalities (2.123), (2.124) follows from the definition of I}, I}

and the fact that the function s(z,y) is increasing in each of its arguments. The

inequality (2.125) follows also from (2.123), therefore it suffices to prove (2.123).
In order to lighten the notation we denote 2’ = zi, 7% = 7{. Then from a

change of measure we have:

PO(Zi = 1) = e_zi El[e_(u:'i_Ai) {ul 7ZZ}]
- Tz' 7 (2.126)
=e M Pi(z'=1) El[ef(“TfAi”uii > Al
thus from the definition of A; we have:
X Po(z' =1) X (i — - —
A _ 0 _ A (u P Az) (2
i ' i E i s > A 2.12
€ Pl(zz — 1) € [6 |U’T = ] ( 7)
and
Az — AZ = — 10g E][e Tt |UT¢ > Az] (2128)

From this relationship it is obvious that A; < A;. Moreover, from an application

of conditional Jensen’s inequality in the same relationship we have:

CE(WL R

Ki —Zi < El[(uiz _Zz)’ U:_z > Zz] = Pl(ui~ > Z) =1 _ 4 (2’129)

which is what we wanted to prove. The final inequality is due to the definition of

f and the following change of measure:
>A)=1-Pi(z=0)=1-Egle"™ puc nyl>1-c 20 (2130)
The other inequality in (2.123) can be proven in a similar way. O

The following lemma is the discrete-time analogue of the pathwise inequality

(2.41).

Lemma 6. Let mi be the number of messages transmitted from sensor i to the

usion center up to time t, i.e. mi = max{n € N: 7t < t}. Then:
p ’ t n

K mi
o — ] < C+ 303 [l +max{Ri —Ap, A, - A}, teN  (2131)

i=1 n=1
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Proof. Using the triangle inequality we have

K
g — i) <) fuf — i
=1

K K mi
<D lup—n [+ YD lun ks = A (2.132)
i=1 bi=1n=1
K m}
SO+ D fufy —u =X
i=1n=1

Thus, it remains to show |UZT,§ - uifl_l — N < |n| 4+ max{A; — A, A, — A} and

it suffices to prove this inequality for n = 1. Indeed, we have:

uili—)\li:(Ui{-—Zi—&-zi—xi)zi—i-(uif+éi—éi+Ai)(1_zll'>

' B - ' '(2.133)
= (uls — AT+ (A — Ay) 2f — (UZT{‘ +4;)7 = (4A; —A) (1 —2))

Then, from (2.123) we obtain:
]uif- — )\ < (uif- — AT+ (uif- +A)” +max{A; - A;, A, — A}, (2.134)

which is what we wanted to prove.

Lemma 7.

I 3C"
| log a\;— n K),

Ejllug — iigl] < (9+R)< j=0,1. (2.135)

Proof. If we set (¢, = |0} |+max{A;—A; , A,—A,;}in (2.112) and take expectations
in (2.131), then — using the definition of § and R— we obtain

Eiflug —agl] <

M=

1 (Eulmis] + 1) (Eulinill + max{&; - &, A; - A}) (2.136)

(6 + R) (Er[mg] + K).

-
Il

IN

where we denote by m; = Zfi ,mi the number of transmissions to the fusion

center from all sensors up to time ¢.
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Moreover, since A, is bounded by A; + A;, setting ¢! = M

n

in (2.113) and

recalling the definition of I we have:

Ey [fj Xo| = Eifmi)] - 2(R + A) (2.137)
n=1

and adding over ¢ we obtain:

K ™§
Evfiig] = Ey [Z 3 A;] > [E4[mg] — 2C" (2.138)

i=1 n=1
But since g cannot exceed B more that C’, we have g < B + C’ and since

B < |log a| we obtain:
< |log a| + 3C”

Ei[mg] < (2.139)

and consequently (2.136) becomes
Eyllug — iigl] < (0 + R) (W+K), (2.140)

which is what we wanted to prove.
O

The desired result now follows by substituting (2.101), (2.125) (2.135) into
(2.100).
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Chapter 3

Decentralized quickest

detection

The structure of this chapter is the following: we start with a review of centralized
sequential change-detection with an emphasis on the Cumulative Sums (CUSUM)
test (Sec.3.1). We then define and analyze the proposed decentralized sequential
detection rule, which we call D-CUSUM; first in continuous time, in the case of
It6 processes (Sec.3.2.1) and then in discrete time, in the case of independent and
identically distributed observations (Sec.3.2.2).

The D-CUSUM is the analogue of the decentralized sequential test (D-SPRT)
that we analyzed in the previous chapter. This allows us to use some results
from the previous chapter and obtain a more compact proof for the asymptotic

optimality of D-CUSUM in discrete time.

3.1 Quickest detection under a centralized setup

Let ({},...,ﬁtK )t>0 be a K-dimensional stochastic process, each component of
which is observed sequentially at a different location or sensor. We describe the
flow of information locally at sensor ¢ and globally at the sensor-network by the
filtrations {F} }+>0 and {F;}+>0 respectively, where Ff = (£, 0 < s < t) and
Fi=o0(,0<s<ti=1,...,K).
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Figure 3.1: Sensor network

All sensors transmit their observations to a fusion center, as it is schematically
shown in (3.1). In this section we consider a centralized setup, where the sensors
transmit all their observations to the fusion center, therefore the filtration at the
fusion center coincides with the global filtration {F;} at the sensor network.

We assume that due to a disorder in the network or the emergence of a sig-
nal the dynamics of each component {£!} change abruptly and simultaneously at
some unknown —but deterministic— time 7. Therefore, the distribution P of the
stochastic process {&}, ..., & }i>0 is parametrized by the time of the change 7 and
the measure P, represents the distribution of {¢}, ..., &5} when the change occurs
at time 7. In particular, P, corresponds to the pre-change distribution and Pg to
the post-change distribution.

We require that P is equivalent to P, when both measures are restricted to the
o-algebra F; for all t € [1,00) and we denote the corresponding Radon-Nikodym

derivative as follows
dP.

=TT <t . 3.1
dPolr €  TEEE (3.1)

where ug = 1. Therefore, e“ is the likelihood ratio of the post-change distribution

Py versus the pre-change distribution Po, given F;.
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The goal is to find a rule at the fusion center that detects the change as quickly
as possible, while avoiding many false alarms in repeated applications of this rule.
Due to the sequential nature of the observations, a (centralized) detection rule is
a stopping time with respect to the fusion center filtration (which is {#;} under a
centralized setup).

Following Lorden [28] and Moustakides [33] we define as optimal centralized
detection rule the {F;}-stopping time that minimizes the following criterion:

JT] = Sup esssup Ee|(ur —w) (>0l (3.2)

among {F;}-stopping times 7 that satisfy the following false alarm constraint
Ewl—ur] >~ (3.3)

where v is a fixed, positive constant. This constrained optimization problem was
suggested by Moustakides in [33] and is a generalization of the approach proposed
by Lorden in [28], according to which the optimal detection rule is the {F;}-
stopping time that minimizes the following criterion:
JL(T) = sup esssup E; [(’T — t)ﬂ]—}] (3.4)
>0

among {F;}-stopping times that satisfy the following false alarm constraint

Exc[T] > (3.5)

In both problems, the optimal detection rule has the smallest worst-case condi-
tional “detection delay” given the worst possible history up to the time of change
among detection rules whose expected “period of false alarms” is at least equal to
some constant . This constant is fixed in advance and expresses the tolerance to
false alarms. Thus, both criteria take into account the worst case scenario not only
with respect to the time of the change, but also with respect to the whole history
up to the time of the change. However, they measure detection delay and penalize
false alarms differently; in terms of the actual time in (3.4)-(3.5), in terms of the

Kullback-Leibler divergence in (3.2)-(3.3).
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Moreover, both criteria are closely associated with the Cumulative Sums (CUSUM)

S . E > . . > 3 ) 3

The CUSUM test was proposed by Page in [39] in '54, much earlier than the above
criteria, which actually provided a strong theoretical support to the CUSUM rule.
We now review the optimality properties of the CUSUM test with respect to (3.2)-
(3.3) in the case of Itd processes and in the case of independent and identically

distributed observations.

3.1.1 The case of Ito processes

Suppose that we have the following dynamics

t t
& = {m}/ bsds+/ oy dWs, t>0 (3.7)
0 0

in which case the log-likelihood ratio process {u;} takes the following form

t t
ut—/ﬁs-dfs—l/ﬁs-bsds, 0<t< o0
0 2 Jo (3.8)

br=1b; - (07 o
where {W,} is a K-dimensional Brownian Motion, {b;} a K-dimensional {F;}-

adapted vector and {o;} a K x K {F;}-adapted matrix.

Moreover, we assume that

Poo</00093‘bsds:oo):Po(/oooigs'bsdszoo>:1 (3.9)

Under condition (3.9), Moustakides showed in [34] that the CUSUM test minimizes
criterion (3.2) as long as its threshold v is chosen so that the the false alarm

constraint (3.3) is satisfied with equality, i.e v = Ex[—us, ], which implies
y=¢e"—v—1 (3.10)

It should be mentioned that the CUSUM optimality with respect to (3.2)-(3.3) is

among {JF;}-stopping times 7 that satisfy the integrability conditions

EO[/OTHS-BSds}<oo , EOO[/OTGS-ﬂSds}<oo (3.11)
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Ccusum

Figure 3.2: The CUSUM test for It6 processes

Note that these conditions are satisfied by the CUSUM stopping time S due to
(3.9). (Actually, if the optimization problem (3.2)-(3.3) is slightly modified, the
CUSUM becomes optimal among arbitrary stopping times that satisfy (3.3). We
do not present this modification here and refer to [34] for details).

In the special case that the sensors observe drifted Brownian motions before
and after the change, the CUSUM is also optimal with respect to Lorden’s criterion,
i.e. it minimizes (3.4) among stopping times that satisfy (3.5). This result had
been earlier established by Shiryaev [52] and Beibel [?].

In [34] it was shown that the optimal performance J[S,] is equal to the expected
detection delay when the change occurs at time 7 = 0, i.e. J[S,] = Eg[us, ], which
leads to

JIS)=e+v—1. (3.12)

From (3.10) and (3.12) follows that the CUSUM threshold and the CUSUM per-
formance are independent of the model dynamics (3.7) and completely determined
by the design parameter . This is due to the fact that the problem (3.2)-(3.3) has
incorporated the underlying dynamics (3.7). Moreover, we have logy = v + o(1)

and J[S,)] = v + o(1) as ¥ — oo, which implies that for sufficiently large values
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Figure 3.3: False alarm period « and optimal performance J(S,) as functions of

the CUSUM threshold v

of threshold v the CUSUM “detection delay” is a linear function of v, whereas
“period of false alarms” is an ezponential function of v. This is shown in Fig. 3.3.
Finally, from (3.8) follows that the implementation of the CUSUM rule at the
fusion center requires each sensor ¢ to transmit to the fusion center the values of

the process
ul = /t 0’ d¢l — 0.5 /t 0bL ds, t>0. (3.13)

0 0

where 6,b! are the i'® components of the vectors 6, b;. It is natural to think
of {u}} as the sufficient statistic that summarizes the observations from the 7
sensor. However, {u!} is not in general {F;}-adapted, thus locally observable at
sensor ¢. This is always true when the sensor processes are independent, in which
case {ui} corresponds to the local log-likelihood ratio process. It is also true when

the sensor processes are correlated Brownian motions.

3.1.2 CUSUM in discrete-time

Suppose that each sensor i acquires sequentially the discrete-time observations
{€}1en, where {€ }i<, and {€} }4> are sequences of independent observations with

common distribution P, and Py, respectively, where Py and P, are known Borel
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probability measures on R
We assume that there is a probability measure that dominates both Py and
P~ and we denote by fy and fo the corresponding Radon-Nikodym derivatives.
Thus, the log-likelihood ratio process {u;} takes the form
¢

fO(é-ll)aé[I()
= log sk oS 3.14
" gogfoo(sg,...,sf) (314)

In this context, Moustakides [33] proved that the CUSUM test minimizes Lorden’s
criterion (3.4) among all stopping rules that satisfy the false alarm constraint (3.5).
Since the acquired observations are independent and identically distributed, it is
straightforward that the CUSUM test also minimizes (3.2) among stopping rules
that satisfy (3.3). As in the continuous time case, the CUSUM threshold should be
chosen so that the corresponding false alarm constraint be satisfied with equality,
but now we no longer have closed-form expressions for the optimal threshold v
and the optimal performance in terms of v. However, the asymptotic lower bound

J[S)] > log~y + o(1) as v — oo will be sufficient for our purposes.

3.2 Decentralized quickest detection

In this section we propose a novel decentralized detection rule, which combines
level-triggered communication with a CUSUM test at the fusion center. The
CUSUM test is applied on the sequentially transmitted one-bit messages which
are sent asynchronously from the sensors, thus we call this scheme D-CUSUM
(Decentralized CUSUM). We define and analyze it first in continuous and then in

discrete time.

3.2.1 The case of Itdo processes

We consider the change-detection problem (3.7), thus we assume that each sensor
observes a standard Brownian motion up to the unknown time-change 7 and adopts
a random drift after 7. Moreover, we assume that each process {u!} —defined in

(3.13)— is {F}}-adapted, so that sensor i is able to transmit its values to the
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fusion center. Consequently, the following analysis will hold only when the sensor

processes are independent or when they are correlated Brownian motions.

3.2.1.1 Communication scheme and fusion center policy

We suggest that sensor i communicates with the fusion center at the {F }-stopping
times which are defined as follows:

Tho=inf{t > 7 | ul— u’TZ ¢ (-A,A)}, neN (3.15)

n
n—1

where A;, A, are positive constants, fixed in advance and known to the fusion
center. Therefore, a sensor communicates as soon as its locally observed sufficient
statistic has either increased by A; or decreased by A, in comparison to its value

at the previous communication time. At 7} sensor ¢ transmits the message

Loiful, —ul, =4

4= o Taen (3.16)
n n—1

where we have implicitly used the fact that u’Tl —uii € {-A,,A;}, Vn € N, since
n -1

each process {ui} has continuous paths. Because of this fact, the fusion center is

able to recover the exact value of {ul} at the corresponding communication times

{71} using only the transmitted messages {z}. In particular, we have:

i, = zn:{Al z;- - A(1- zji-)], n € N. (3.17)
j=1

Since we have assumed independence across sensors, the fusion center does not

. . f . f h Z b h . . . ’L
receive any information for the process u* between the communication times {7},
therefore it is reasonable to approximate the process u* at some arbitrary time ¢
as follows:

=l telrl, 7 +1). (3.18)

or equivalently

=Y [Aizi - A0 -2, telnm4). (3.19)
j=1
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In other words, we suggest that the fusion center approximate u} with the most
recently reproduced value of the process u’; the resulting approximation {ai} is
a piecewise constant process with upward jumps of size A; and downward jumps
of size —A,;. Then, mimicking the CUSUM test (3.6), we propose the following

detection rule at the fusion center

S=inf{t>0: 1 — Oigr;fgt s > U} (3.20)
where 4 = Zfi L @ and the positive threshold 7 is chosen so that the false alarm
constraint in (3.3) be satisfied with equality. We call the stopping time S decen-
tralized CUSUM (D-CUSUM), since it mimics the CUSUM test by replacing u
with % and can be implemented with the transmission of only one-bit messages

from the sensors to the fusion center.

3.2.1.2 Asymptotic Optimality

The following theorem characterizes the performance of the D-CUSUM.

Proposition 5. The D-CUSUM is order-2 asymptotically optimal for any fized
thresholds {8;, A;}. In particular, if we set C = "% (A, 4+ A,;), we have:

J[S] — J[S,] < 4C, (3.21)

Moreover, if we let v — oo and A;, A; — oo so that A;, A; = o(log~y), then the
D-CUSUM is asymptotically optimal of order-1, i.e. J[S]/J[S,] — 1.

The proposition is based on the fact that the stopping time S is pathwise
bounded from above and from below by two CUSUM stopping times. In order to
emphasize this fact, we present it as a lemma and prove it before we prove the

Proposition.

Lemma 8.

So—20 < S < Spyac. (3.22)
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Proof of Lemma 8. We start by introducing the following notation: m; = info<s<; us,
my = info<g<; Us and y; = wg — my, Y = Uy — my. Then, the detection rules S, and

S take the form:

S,=inf{t>0:y;,>v} , S=inf{t>0:¢ >} (3.23)
From the definition of the approximations {@i} and {@;} and the fact that each
process {u!} has continuous paths we have:

\ut—ut|<2|ut—utl<ZA +A)=C, t>0. (3.24)
Using this relationship we also obtain:

—C = inf (ut — C) < inf 4 < Oi<n£t(ut + C) =my + C, (325)

0<s<t 0<s<t
thus |m; —my| < C, t > 0. Consequently, we have:

|yt_gt‘ < ]ut—atl—l—]mt—fnt\ §2C, t>0. (326)
which leads to the desired result. O

Proof of Proposition 5. We start with the observation that for any stopping time

T that satisfies the integrability conditions (3.11) we can write

Eoo[~u7] = En [% /OTes-bs ds} = Ex [;/0 v, (071) o b,] ds} (3.27)
and

J|[T] = sup esssup E, [% (/ v, - (o;") o 1b ]ds) \}"T} (3.28)

>0 T
The conditions (3.11) are satisfied by the CUSUM-stopping times Sy—a2¢, Sp+20

and consequently by the D-CUSUM stopping time S, due to (3.22).
Therefore, from (3.22) and (3.27) it becomes clear that

EOO[*USDQC] < EOO[*US] < EOO[*USDHC] (3'29)

Moreover, since the thresholds v and © are chosen so that S, and S satisfy (3.3)

with equality, i.e. Eoo[—ug| = Exo[—us,] = 7, we obtain:

EOO[_usﬂ—zc} < EOO[_USV] < EOO[_USD+QC] (330)
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If we now introduce the functions
Y(x) = Ex|—us,] and o(z) =T (S:), x>0, (3.31)
the inequalities (3.30) translate to
W(D - 2C) < (v) < Y@+ 20). (3.32)
From (3.12) we have that
YE)=e"—ax—-1 |, ¢x)=e*+ax—-1, >0, (3.33)

which implies that both ¢ and ¢ are strictly increasing real functions and conse-
quently from (3.32) we obtain |v — 7| < 2C.
From (3.22) and (3.28) we have J[S] — J[S,] < J[Ssr20] — T[S,]. We can

now obtain (3.21) if we use (3.33) as follows:

T[Spv2c] = T[S0] = ¢(v + 2C) — ¢(v)
=20 L (B +20) 1] —[e" +v—1] (3.34)
= (e 72 V) 4+ (7 —v) +2C < 4C
where the inequality follows from the fact that |v — 7| < 2C and consequently
-0 —-2C < —v.
Finally, from (3.21) we have

JS TS =TS 4C | AC logy
A D R T T O

Thus, if we let A;, A;,v — oo so that A;; A; = o(log7), from (3.12) we obtain
JLS]

lim sup TS < 1. But this implies the order-1 asymptotic optimality of S, since

we also have J[S] > J[S,] due to the optimality of the CUSUM test.

3.2.1.3 Extensions

We can modify the D-CUSUM in a straightforward way and incorporate more
general communication schemes. Thus, we can have time-varying thresholds as in
(2.51)- (2.52) or linear (or non- linear) intersecting boundaries as in (2.55)-(2.56).

The previous analysis will remain valid as long as inequality (3.24) remains valid.
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3.2.1.4 Comparison with the discrete-time centralized CUSUM in the

Brownian case

As we did for the testing problem, it is meaningful to compare the D-CUSUM with
the discrete-time centralized CUSUM, which is based on the transmission to the
fusion center of the exact sensor observations at the times ¢t = 0, h, 2h, ..., where

h > 0. We perform this comparison for the following change-detection problem:
=W+ gonbit, t>0, i=1,... K (3.36)

where (W1,... , W) is a K-dimensional Brownian motion and by,...,bx known
constants. Thus, we assume that each sensor ¢ observes a standard Brownian up
to time 7, which adopts a constant drift b; after 7.

Under this model, the increments {g;m — §€n_1) ,} are independent and identi-
cally distributed, and consequently the discrete-time centralized CUSUM is also
order-2 asymptotically optimal (with respect to the continuous-time centralized
CUSUM). Therefore, since the asymptotic performance of the two schemes is sim-
ilar, we need to resort to simulations. Moreover, for the comparison to be fair,
we need to equate the expected intersampling periods before and after the change
Eoo[r{] and Eo[7}] with the constant period h, so that the two schemes require the
same communication rate between sensors and fusion center on average.

Using Wald’s identity together with (2.14)-(2.15), we have:

Eo[ri] = Exl[r{] = h & Eg[—u!,] = Exc[uls] = 0.5|b;[* , h
! ! (3.37)
s s(A, A) = s(A;, Ay) =0.5]b > h
Then, if we set A; = A; = A;, (3.37) becomes s(A;, A;) = 0.5[b;|*h and for
any given drift b; we can compute the sampling period h that corresponds to the
threshold A; and vice-versa.

For the simulations in Fig.3.4 we chose K = 2, b = by = 1 and A; = A, =
A; = 2 for each sensor ¢, thus h had to be equal to 3.0462.

In Fig.3.4 we can see that the distance between the D-CUSUM and the optimal
continuous-time CUSUM remains bounded. Moreover, the D-CUSUM exhibits
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Figure 3.4: D-CUSUM versus CUSUM

a distinct performance improvement over the discrete time centralized CUSUM

which is applied after canonical deterministic sampling.

3.2.2 D-CUSUM in discrete time

We now consider the discrete-time case and in particular the change-detection
problem (3.40). We assume that the observations are independent across sensors,
so that the log-likelihood ratio process {u;} can be written as the sum of the local

log-likelihood ratios, i.e. u; = Zfil ul, where

¢ .o .
; fo(&G . &)

3.2.2.1 Communication scheme and fusion center policy

As in the continuous-time setup, we suggest that sensor ¢ communicate with the

fusion center at the times

mo=inf{t >7_ ruj—ul;, ¢ (-A,A)}, neN (3.39)

a4 = NS (3.40)
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Unlike the case of continuous-time observations, the fusion center can no longer
recover the values of the process u* at the corresponding communication times
(7} )nen, because it does not have access to the overshoots:

7772 = (u’ — u:_ — Ai)+ — (uz — Uiz ) +é¢)_7 n € N. (3'41)

Tn n—1 Tn n—

Thus, the approximations (3.18) and (3.19) are no longer equivalent and approx-
imation (3.18) is no longer implementable. Of course, it is still possible to use
approximation (3.18), however, by doing so we ignore the overshoots and this is
likely to deteriorate the performance of the resulting decentralized scheme. There-
fore, working as in the testing problem, we choose to approximate the process {u¢}
with the log-likelihood ratio of the messages {2?} that have been transmitted from

sensor ¢ up to time t, i.e.

ﬂi = [KZZ; — Az(l - Z;'):|a T'rz;, <t< T”Z‘H (342)
j=1
where
PO(ZZ — 1) Po(zi = 0)
BPuln=1 T P =0) o

The computation of i; depends on the knowledge of the quantities {A;, A;}; these

are not known explicitly, however they can be pre-computed using simulations.
We emphasize that this is a partial-likelihood approach, since we ignore the

contribution to the total log-likelihood ratio of the inter-communication times 7! —

%
Tn_l-

The reason is that the form of this log-likelihood is intractable. Otherwise,
it would make perfect sense to use their contribution as well.
After choosing this approximation, we mimic the CUSUM test and suggest the

S — lllf t € N . t — l“f S > 3.44

where @; = Zfil i. We call S decentralized CUSUM (D-CUSUM), as we did
in the continuous-path case, although there is a considerable difference in the

construction of the fusion center policy.
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3.2.2.2 Asymptotic optimality

The following proposition characterizes the (asymptotic) performance of the discrete-
time D-CUSUM and implies its asymptotic optimality. For simplicity, we as-
sume that there is a quantity A so that A;;A; = O(A) for all i = 1,..., K as
A;,A; — oo. This assumption implies that the frequency of communication is
similar in all sensors. Moreover, in order to simplify the notation, we drop the

threshold from the CUSUM stopping time S,,, which we now denote as S.

Proposition 6. If we let v — 0o and A — oo , then

78] - 78] < (190(% +o(A) (3.45)

Therefore, the D-CUSUM is asymptotically optimal of order-1, i.e. J[S]/T[S] —

1, as A = o(log~).

Proof. We start by showing that inequality (3.45) implies the (order-1) asymptotic
optimality of the D-CUSUM stopping time S. Indeed, recalling the asymptotic
lower bound J[S] > log v+o0(1) on the performance of the discrete-time centralized
CUSUM, we obtain:

JS TS - TS 1 e

where the last equality follows if we let A — oo and 7 — oo so that A = o(log 7).
We now turn to the proof of (3.45). The Lorden-performance for the CUSUM
and the D-CUSUM corresponds to the expected delay when the change occurs at

7 = 0, therefore:
J[S] = J[S] = Eolug] — Eo[us] < Eollug — ugl] + Eoltig] — Eo[us] (3.47)

Since g = 0, it is clear that u; < g, for every t > 0. Moreover, since the overshoot
s — U cannot be larger than C' = S K (A; + A;), we obtain tg < 0+ C'. Thus,
from (3.47) and the asymptotic lower bound J|[S,] > log~y + o(1) we obtain:

TS = TIS] < Eoflug — ugl] + (7 + C') = (logy + o(1)) (3.48)
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Moreover, working in exactly the same way as in the testing problem, we can show
that C/,C = ©(A) , I > O(A), R = H%h) and we can obtain the following upper
bound

) 7+ 3C"
Eof ug — agl] < (0 + B[~ K (3.49)

where 6§, R and I are defined as in (2.122) and (2.121), respectively.

Thus, the crucial task, which cannot be shown as in the testing problem, is to
connect the threshold o with the parameter . In order to do so, we denote by
zn the mth binary message that arrives at the fusion center irrespectively of the
sensor which sent it and by k, the identity of the sensor which transmitted the
nth sample. The flow of information at the fusion center is then described by the
filtration {C,}, where C,, = o((z1,k1) ..., (2n, kn))-

For the simplicity of the notation we assume that at any given time the fusion
center receives at most one message from the sensors. In the more general case
where two or more sensors transmit a message at the same time, the following
proof will remain valid as long as we denote by z, and k, the vector of transmit-
ted messages and labels, respectively, at the nth time the fusion center receives
messages from the sensors.

For example, if the first messages that the fusion center receives come concur-
rently from sensor 1 and sensor 3, then we have k1 = (1,3). Moreover, if sensor
1 has transmitted an “upward” message and sensor 3 a “downward” one, then we
have z; = (1,0).

Then, working in the same way as in the testing problem, we obtain the fol-

lowing likelihood ratio before and after the change

_ PO((zla kl)v ) (Zm kn)) _ 6¢"+ﬁ"

L = 3.50
Poc (21 K1) s G o) (350
where —recalling the definition of the log-likelihood ratios A;, A,— we define
Po(k1,. .., kn y -
en = Polbr k) SR Ay, (1= )], (3.51)

Poo(kt, - kn) ~

The process v, is closely related to the process uy; their difference is that w; is

expressed in terms of global time , whereas 7,, in terms of times the fusion center
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has received messages from the sensors. To explicitly specify their dependence,
let {7,,} be the increasing sequence of communication times between any sensor
and the fusion center, where 7, is the time instant that the fusion center receives a
message for the nth time. Then, the two processes are related through the equality
Up, = Ur,, -

The fusion center policy can now be expressed as follows

A =inf{n e N: 9, — ‘Hllin v; > v} (3.52)
j:

o)
and we clearly have 7 =7 7+ Thus, N is a {C,, }-stopping time which represents
the number of times the fusion center received messages from the sensors until an
alarm is raised by the D-CUSUM.

We can also obtain an alternative representation of the fusion center policy,
which will be very useful for the proof of the desired result. In particular, we can
write the D-CUSUM stopping time A as a sum of repeated D-SPRTs. Thus, if

we define the following stopping times
Ty=if{n> T 1:v,—vg_ ¢(0,0)} (3.53)
then .4 = Jx, where
R=inf{j eN:vg —vg_, >0} (3.54)

The notation we introduced will help us obtain the desired connection between the
threshold 7 and ~. We recall that 7 is chosen so that Eo[—ug] = 7. From Wald’s
identity we have v = Exo[—ug] = I Eoo|S], where I, = Eoo[—u1]. Moreover, we
have R < N < KS. Notice that both inequalities are very crude; the first one
becomes equality when the process {0,} exceeds v before 0, whereas the second
becomes equality when all sensors communicate with the fusion center at every
time ¢ till S.

However, the inequality R < K S is going to be sufficient for our purposes.

Indeed, combining this inequality with v = I, Ex[S] we obtain

K~ > I Ex[R], (3.55)



CHAPTER 3. DECENTRALIZED QUICKEST DETECTION 84

Thus, it suffices to find a lower bound for E,[R] in terms of €”. In order to do

that, we start with the layered representation of the expectation

Ew[R] =D Poc(R>n) = Eu[A)] (3.56)
n=0 n=0
where An = {’Dgl <07"'71~)9n_637n_1<0}’ n € N.
Then:

Eoo[An] = Eoo[Anfl {fﬁgn—ﬁgn71<0}]

= Eoo[An_1 (1 - (3.57)

{ﬁgn—f)gnilzﬁ})]
= Eoo[An—l] - Eoo[An—l {6971_179”712’7}]

From a change of measure and the law of iterated expectation we obtain:

Ec[An-1 (35,-55, >0}

= EO[’Z;nl_l An—l 6_(¢9n_¢3"71)_(6‘7n_6gﬂ71) {f)gn—f)gnilzﬂ}]

_ EO["Z;nl_l A, EO[e—(¢9n—¢>9n,1)—(7?%—173",1) {ﬁgn—ﬁyn,lzﬂ}’}—yn—lﬂ (3.58)

<eElL5! | Apr Eole @0 | F g )

Tn—1

= e_ﬁEO[X%L{l Anfl] = e_VEoo[Anfl]

Therefore, for every n € N we have Eoo[A,] > (1 — e7V)Ex[An—1], thus Ex[Ay] >

(1 —e~”)" and consequently

Ewl[R] =) Exofdn] =Y (1—e )" =¢” (3.59)
n=0 n=0
Then, recalling (3.55) we obtain
K
v <log i + log~y (3.60)

which —combined with (3.48) and (3.49)— gives the desired result.
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Chapter 4

Decentralized parameter

estimation

The structure of this chapter is the following; we introcude centralized parameter
estimation for a class of It6 processes and argue in favor of a sequential formulation
of the problem in Section 4.1. We define and analyze the suggested decentralized
estimator in Section 4.2, whereas we consider the case of correlated sensors in

Section 4.3.

4.1 Centralized parameter estimation

Let (Q,G,P,{G:}) be a filtered probability space which hosts the K-dimensional
Brownian motion {W;}+>0 and the K-dimensional stochastic process {& }+>0. In
contrast to the Brownian motion {W;} which is non-observable, the process {¢;} is
observed and, in particular, each component {£!} is observed at a different location
(or sensor). Thus, the local history at sensor i up to time t is 7} = o (£, 0 < s < t),
whereas the global history up to time t is F; = 0(&, 0 < s < t). As it is shown
schematically in Fig. 4.1, there is a global decision maker (fusion center), which
receives observations from all sensors and is responsible for combining them in
order to make the final decision.

We assume that the distribution of {£;} is known up to a parameter A and we
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Figure 4.1: Sensor Network

denote it by uy. Thus, the underlying probability measure P is also parametrized
by X and we denote it by Py. The goal is to estimate A using the data acquired by
the fusion center, not the sensor observations. When these two coincide, we say
that we are in a centralized setup and an estimator of A is simply an {F; }-adapted

process. This is going to be our focus on this section.

4.1.1 The Brownian case

Suppose that the sensors observe independent Brownian motions, so that:
E=Abit+ W/, t>0, i=1,...,K, (4.1)

where by,...,bx are known constants. Thus, we assume that the absolute drift
in each Brownian motion is unknown, but the relative drifts are known. For
example, Fig. 4.2 shows the paths of two independent drifted Brownian motions,
whose drifts have different signs and sizes.

The local likelihood for A at location i and at time t is the Radon-Nikodym
derivative of p} with respect to p when the two measures are restricted to the
o-algebra F, i.e.

i

i dp
L) ==

=2 =exp{Abi§ — 0.5\ bt} (4.2)
dpgy |7
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Independent Brownian motions

Figure 4.2: Two Brownian paths

Then, the local MLE at sensor i for estimating A is:

_ &

L (4.3)

Due to the independence between sensors, the global likelihood at time ¢ is the
product of the local likelihoods, i.e. Z(\) = Hfil Z} (M), and the global MLE at

the fusion center is a weighted average of the local MLEs, i.e.

K
A= wid, t>0 (4.4)
i=1
where
|b;]?
> iz ']

Thus, the fusion center trusts more the local MLEs which correspond to sensors
with stronger signals. We illustrate this behavior in fig. 4.3, which is a continuation
of fig. 4.2.

The Fisher information at time ¢ is:

MM—Eﬂgm%Wﬂ—§WWaﬁ (4.6)

i=1
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Figure 4.3: The global MLE trusts more the local MLE which corresponds to the

drifted Brownian motion (see fig. 4.2) with the largest slope.

and it is straightforward to see that under Py we have:
VA(A —A) ~N(0,1), t>0 (4.7)

Thus, \; is an unbiased and normally distributed estimator of A for every t > 0.
Moreover, at any given time ¢, \; is an optimal estimator of A, in the sense that
its variance is equal to the Cramer-Rao lower bound A, 1 [20].

Overall, we conclude that for the estimation of A at some fixed time ¢ under
the Brownian model (4.1), it suffices that each sensor i transmits to the fusion
center the value of its local MLE at time t, A!, or equivalently its observed value

at time t, &

4.1.2 Ornstein-Uhlenbeck type processes
We now assume that each ¢ is governed by the following SDE
t
gg‘:A/ bids + W/, t>0, i=1,....K (4.8)
0

where each {bi} is an {F} }-adapted process. Then, the local likelihood at sensor i

is
L) = 2
=g

= exp{\ B} — 0.5 \2A!} (4.9)

7
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where
t t
Al = / bi|?ds , Bj= / bidel, t>0. (4.10)
0 0
Again, the global likelihood at time t, Z;(\), is the product of the local likelihoods
and the global MLE takes the form

B K pi
At:—t:%, t>0. (4.11)
Ay Zizl Aj

In order to compute the Fisher information, we start by defining the process

K K ¢
M, => M= Z/O bLdWE, >0, (4.12)
=1 =1

which is a square-integrable martingale with quadratic variation process {A;}.
Then, we can obtain the following decompositions for B; and A in terms of Ay

and M;:
M,
A

and compute the Fisher information at time ¢ as follows:

By =M A+ M, , M=A+ t>0 (4.13)

L)) = Ey [(;Alogzt(x)ﬂ = E[(B; — MA)?] = Ex[M?] = Ez[Ad], > 0.
(4.14)
Thus, the process {A;} is the (global) observed Fisher information up to time ¢,
whereas {A!} is the local observed Fisher information at sensor i.

There are many differences in the properties of the MLE in the general case
(4.8) in comparison to the Brownian case (4.1). First of all, Fisher information
I;(X) is no longer a linear function of ¢ and is no longer independent of the true
value of A\. Moreover, the global MLE remains a weighted average of the local
MLEs, but now the weights {w!} are no longer constant over time but stochastic
processes themselves. More specifically, we have

K . .

iy i _ Bi i Al

At = Zwt)‘ta At = ZE » Wy = Xz (4.15)
i=1 t

Notice that the weights {wi} are the normalized observed Fisher informations
that correspond to the different sensors. Thus, at any time ¢ the global MLE gives

different weights to the local MLEs depending on the information that they have
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Figure 4.5: The corresponding local MLEs in a continuation of Fig. 4.4
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accumulated up to time ¢; the difference with the Brownian case is that these
weights are random and time-varying (see Fig. 4.4 and Fig. 4.5 for an illustration
of this phenomenon in the case of two independent Ornstein-Uhlenbeck processes
with the same dynamics).

Furthermore, unlike the Brownian case, the MLE at time t, A, cannot be
computed at the fusion center if each sensor transmits only its final observed value
¢! or the corresponding value of its local MLE A!. Finally, the MLE is no longer
unbiased, Gaussian and optimal in a mean square sense, although it is possible to
recover these properties asymptotically (see [25] for an analysis in the Ornstein-
Uhlenbeck case and [20] for more general ergodic diffusion processes).

It turns out that a sequential version of the MLE can recover all these properties
in a non-asymptotic sense. The need for a sequential estimator can arise, if we
follow the approach in [25] and we fix — not the horizon of observations— but the
(Fisher) information that is available for decision.

We can define a centralized sequential estimator as a pair (7, d7), where T is an
{F:}-stopping time and d7 an Fr-measurable random variable; 7 is the stopping
rule at which the decision maker at the fusion center stops collecting observations
from the sensors and §7 the estimator of A it uses at time 7.

Following [25], we define as optimal centralized sequential estimator the solu-
tion to the following constrained optimization problem:

inf E\[(67 — A)?] with Ir(\) = Ex[A7] <7, (4.16)

(T,07)
where v is a fixed, positive constant. Notice that in the Brownian case (4.1),
problem (4.16) reduces to finding the Fr-measurable estimator with the minimum
mean square error, where T = and the solution is the MLE Ap, which

we defined in (4.4).

2
Soiea 16i]27

Liptser and Shiryayev [25] proved that a solution to (4.16) is given by the

sequential version of the MLE:

S=mf{t>0:4, =7} , As= (7>$: = (4.17)
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Figure 4.6: Sequential MLE

according to which the fusion center stops collecting observations when the ob-
served Fisher information {A;} becomes equal (due to path-continuity) to v and
uses the MLE to estimate A at this time.

Notice that the stopping rule S is determined exclusively by the constraint in
(4.16), which it satisfies with equality. In particular, the sequential (4.17) uses all
the available information for the estimation of A. This is a direct generalization
of the strategy that is followed in the fixed-horizon problem, where the estimation
takes place at the end of the available observation horizon. We illustrate the
stopping time S in Fig. 4.6.

As in the non-sequential case, the proof of the optimality of the sequential MLE
relies on a lower bound on the mean square error of sequential estimators. More
specifically, it is shown in [25] that if (77,d7) is an unbiased sequential estimator of
A, then MSE)(67) > (Ex[A7])~!. This is the sequential analogue of the Cramer-
Rao lower bound and it implies that for all sequential estimators (7 ,d7) that
satisfy the constraint in (4.16) we have MSE, (67) > v~ 1.

Thus, for the sequential MLE (S, \s) to solve problem (4.16), it suffices to

show that As is an unbiased estimator of A\ and that its variance attains the lower
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bound % Indeed, in [25] it is shown that if
Pr(As =00) =1 (4.18)

then

VI(As = A) ~ N(0,1). (4.19)
Thus, the estimator Ag is unbiased, Gaussian and has the minimum possible mean
square error in the sense of (4.16). The sequential MLE (S, \s) enjoys these
properties in such generality, because it takes into account the natural clock t — Ay
which is embedded in the dynamics of (4.8). This is also reflected in the proof of
(4.19), which is based on a time-change argument. Overall, this result suggests
that it is the sequential MLE (S, As) that should be used for the estimation of A
in the general setup (4.8).

Finally, we notice that condition (4.18) guarantees that the stopping rule § is
finite Py-a.s. We can also think of (4.18) as a regularity condition, since it implies
that It(\) is an increasing and unbounded function of time ¢. This condition is
satisfied trivially in the Brownian case and in [25] it is shown that (4.18) is also

satisfied in the Ornstein-Uhlenbeck case, i.e. when b} = £ in (4.8).

4.2 Decentralized parameter estimation

In this section we assume that each sensor can use for its communication with the
fusion center only an alphabet of finite length, thus it can only transmit quantized
versions of its observations. Under this decentralized setup, the implementation
of the optimal centralized estimators that we previously discussed becomes im-
possible, thus there is a need for alternative schemes that incorporate the reality
of small-length alphabets at the sensors. In this chapter, we develop an efficient
decentralized sequential estimator based on the idea that the sensors should com-
municate whenever they have to transmit an “important” message. This is the
same idea that we used in the problems of sequential testing and change-detection,
i.e. we suggest that the sensors communicate whenever certain locally observed

statistics cross some thresholds.
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4.2.1 The Brownian case

We first consider decentralized parameter estimation in the Brownian case, thus we
assume that the sensor dynamics are described by (4.1) and the goal is to estimate
A at some fixed time ¢.

In this setup, the implementation of the centralized MLE, )\;, requires from
sensor i the transmission of its value only at time ¢, &;. However, if each sensor
has only a binary alphabet {bg, b1} in its disposal, an accurate transmission of one
Gaussian observation may require multiple transmissions, depending of course on
the desired precision. Therefore, even in this very simple case, we need to take
into account the fact that each sensor can use only two letters —by and b;— in order
to communicate its messages.

The main idea in the suggested decentralized scheme is that the times at which
the sensors communicate with the fusion center should not be fixed in advance.
Instead, the communication times should be triggered by the local observations at
the sensors. In particular, we suggest that each sensor ¢ communicates with the

fusion center at the times
mo=if{t>7 g €L ¢ (-A,A)), neN (4.20)
transmitting the letter b; when 2/, = 1 and the letter by when 2! = 0, where

el el A

ot T T & (4.21)
0, if 5;7,; - fifkl =—-A;

and A;, A, are fixed positive constants, known to the fusion center.

Under the communication scheme (4.20), the number of messages transmitted
by sensor i up to time ¢ is random and we will denote it by m¢, i.e. mi = max{n :
7t < t}. Moreover, every time it receives letter by (by) from sensor i, the fusion
center knows that the process & has increased by A; (decreased by A;) since the

last communication from sensor 7.

Therefore, the fusion center is able to recover the exact value of ¢ at the times
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Fusion approximations to the sensor observations

Figure 4.7: Communication times and fusion center approximations in the case of
two independent Brownian motions with drifts of different sign and size and equal
local thresholds in both sensors.

{7i} | since
n

L=Y (A - A(1- 2], meN. (4.22)

T J
Jj=1

Between communication times the fusion center does not receive any information,

thus we suggest that it approximates the value of the process & at some arbitrary

time ¢ with the most recently reproduced value, i.e.

§=6&p TSt<Tin (4.23)
or equivalently
~. n . . . . )
=) Bizj— A0 -] =€, m<t<my (4.24)
m

j=1
We illustrate these approximations in Fig. 4.7.
Using these approximations, we can mimic the centralized MLE and estimate

A as follows: .
A = Zw[i ;A= b (4.25)

i=1
where the weights {w;} are given by (4.5). We call {\;} decentralized MLE (D-

MLE), since it mimics the centralized MLE and can be implemented with the
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Figure 4.8: The left-hand side graph illustrates that the D-MLE is a weighted
average of the local D-MLEs (similarly to the centralized MLE). The right-hand
side graph presents the D-MLE against the centralized global MLE.

transmission of one-bit messages from the sensors to the fusion center. We illus-
trate the D-MLE in comparison to the local D-MLEs and the centralized MLE in
Fig. 4.8.

Contrary to the MLE, the D-MLE Mt spreads the communication load through-
out [0, t], instead of forcing all required messages from all sensors to be transmitted
at time ¢. This property is especially desirable when one is interested in estimating
X repeatedly, that is, not only at ¢ but also at previous times. In this case, the
implementation of the centralized MLE clearly requires much heavier communica-
tion load, whereas for the D-MLE estimation at these intermediate points comes
for free.

The D-MLE is a very flexible decentralized estimator, since the parameters
at each sensor, A; and A;, are determined by the designer of the scheme. The
choice of these parameters is characterized by the following trade-off; small values
for {A;,A;} lead to frequent communication and good statistical properties for
the D-MLE S\t, since S\t approaches the centralized MLE Ar as Zi,éi — 0 for
any ¢ and t. However, if the communication between sensors and fusion center is
expensive, the sensors may not have the luxury to transmit messages to the fusion

center very often. This is the reason for the introduction of the decentralized setup
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in the first place and this implies a practical desire for large values for {A;, A;}.
Therefore, the D-MLE is a very appealing decentralized estimator, because it

recovers the statistical properties of the MLE in an asymptotic sense (as t — 00)

even with rare communication between sensors and fusion center (A;, A; — 00),

as the following proposition suggests.

Proposition 7. 1. Ift — oo and A;, A; — oo so that Ay, A; = o(t), then A\t is

a consistent estimator of A in probability and in mean square.

2. If additionally A;, A; = o(\/1), e is asymptotically normal and optimal, i.e.

ViQy —A) = N(0,1) Jm 1.

The proposition remains valid for any fixed values of the thresholds {A;, A;}
and is a special case of a more general proposition that we state and prove in the

next subsection.

4.2.2 Ornstein-Uhlenbeck type processes

We now assume that the sensor dynamics are given by (4.8) and our goal is —as in
the Brownian case— to apply level-triggered communication scheme and mimic the
optimal centralized estimator. However, in order to do so, we now need a 3-letter
alphabet {a,bg, b1} at each sensor and each sensor should transmit messages at
two distinct sequences of communication times.

Indeed, from the optimality of the sequential MLE (S, As) with respect to prob-
lem (4.16), it follows that the processes {A%, Bi} —defined in (4.10)- are sufficient
statistics for the estimation of A. Thus, if the fusion center is able to reconstruct
their values from the received sensor messages, then it can implement the optimal
stopping rule § and compute the corresponding MLE As. Since sensor ¢ observes
the path of {¢!} continuously and {b}} is {F}}-adapted, the pair {A% Bi} is ob-
servable at sensor 1.

Based on this observation, we suggest that sensor ¢ communicate with the
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fusion center at the following sequences of stopping times:

TévA = inf{t > T:‘L’l_Al : Aé - Aii,Al > ¢}, neN
n— (4.26)

o8 —inf{t > P . Bl - BiivB ¢ (-A;,A)}, neN
n—1

where A;, A;, ¢; are positive constants, fixed in advance and known to the fusion

center.

At the times {Tﬁ’A} sensor i transmits the letter a, whereas at the times {r2"}

it transmits the letter b; when zﬁ{B =1 and the letter by when zf{B = 0, where

1, if B, — B, p =4
Tn T,

2t = , n1 B (4.27)
0, if B,y — B\, 5 = —A;
Tn ’Tn71

Thus, when it receives the letter a from sensor i, the fusion center understands that
the process A° has increased ezactly by c; since the last time sensor 4 transmitted
an a. Similarly, when it receives the letter by (bg) from sensor i, the fusion center
understands that the process B has increased (decreased) exactly by A; (4,;) since
the last time sensor 7 transmitted either b, or bg.

Due to the path-continuity of the processes A, B?, the fusion center can recover
the exact values of A’ at the times {T;{A} and B’ at the times {r”} using the

information (4.26)-(4.27) it receives from the sensors, since

n

AiiyA:Z[Ai?,A—AiiYA]:nCi, nGN

Tn ]:1 T‘7 Tj—l
Biis =3 [Blo = Blus] =D Az} ~ A= )], neN
tog= =

Then, since the fusion center does not receive any information between communi-
cation times, we suggest that it approximates A¢ and B} at some arbitrary time t

with the corresponding most recently recovered values, i.e.

Ai i i, A i, A
A = Arf;A’ T, <t < T,

o . . (4.29)
Bi=Bls mf<t<ni
and we propose the following sequential estimator at the fusion center
S - - B
S=inf{t>0:4;>v—-2c} , As= (Z)S (4.30)
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Total observed Fisher information

-

At)
B(t)

Figure 4.9: The fusion center approximations of the processes A, B

D-MLE vs MLE

m H

Figure 4.10: D-MLE versus MLE

where
_ K _ ~ K o K
A=A, B=>"B",c=) a (4.31)
i=1 i=1 =1

Thus, (S, A 5) mimics the sequential MLE (S, ds) by replacing A’, B’ with Al B
and v by v —2¢. We illustrate the global approximations A and B and the D-MLE
stopping time Sin Fig. 4.9, whereas we plot the corresponding D-MLE versus the
centralized MLE in Fig. 4.10. Moreover, as in the Brownian case, we use the term
D-MLE for the suggested decentralized sequential estimator (S, A 3)-

The following lemma describes the main properties of the suggested decen-



CHAPTER 4. DECENTRALIZED PARAMETER ESTIMATION 100

tralized scheme. Before we state it, we recall (4.31) and introduce the following

notation C = Z{il(&- + A;).

Lemma 9. For any choice of v, {A;, A} and {¢;} we have:
1|4 — A <ec , |Bi—B|<C, t>0
2.8§<S

3. The D-MLE satisfies the constraint of problem (4.16), i.e. E[Ag] < . In
particular,

v—2c< Ag<Ag <~y (4.32)

Proof. From the definition of Al B and the continuity of the paths of A?, B?, we
have: A < Al < Al 4 ¢; and |B} — B| < A; + A, for every t > 0. The first claim
then follows by adding these inequalities over i. The second claim now follows
easily:

S=inf{t>0:A; >~} >inf{t >0: Ay +c >~} > S, (4.33)

For the third claim let us first observe that {A;} is a piecewise constant, increasing
process with jumps bounded by ¢ and the stopping time S corresponds to a jump
time of {A;}. Then, it becomes clear that the overshoot flg — (v — 2¢) is upper
bounded by ¢, so that A & < —c. From this observation and the first part of the

lemma we obtain (4.32), since
y—2c<As;<Ag<Az+c<n. (4.34)
0

Based on this lemma, we are able to establish the following asymptotic prop-

erties of the D-MLE.

Proposition 8. As v, ¢;, A;, A, — oo

1. Ag converges to A in probability and in mean square, if Ay, A = o(y).
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2. Ag 1is asymptotically normal and optimal, i.e.

VA(Ag —A) = N(0,1) , MSE(\g)/MSE(\s) — 1,

Zfzhézv ¢ = 0(ﬁ>
Thus, A & recovers the properties of its centralized counterpart A\s for large
values of 7 as long as the design parameters c;, A;, A; are “large” but smaller than
v, ideally around the square root of v and smaller.

Proof. 1. Consistency.

We start with the following representation of the D-MLE

As = (1}?;13)5 - (g)gAS B (B;iB)s - (2)5[“(1\;)5}’ (4.35)

where the first equality can be derived with simple algebra and the second

using (4.13). Then we have:

. B-B A-A Ay (M
”\5_”\:< A )s+( A )gwr(j)s <Z>$ (4.36)
which —using the lemma and the triangle inequality— gives:
~ C — Mg
As— Al < L 2o M (4.37)

y—2c v—2c vy—2c v—2¢c
Using the inequality (z 4y + 2)? < 3(2? +y? + 2?) and taking expectations,
we obtain:
1 < C \2 ¢ \2 —c\2 E\[Mg
*EA[(AS”—)\)z]§< > _|_( ) )\2+(7 ) Al 82
3 v —2c v —2c v—=2¢/ (v—2c)

But from the Cauchy-Schwartz inequality and It0’s isometry for the square

]2

(4.38)

integrable martingale {M;} we have:

EX[[Msl] < /EAIME] = (/EA[Ag] < V7, (4.39)

therefore:

LE s -0 < (Vf%)ﬁ (szcfm (3_—206)2 g (10

From this expression it is clear that E)\[(S\g —A)?] = 0even if A;, A;,¢; — 00

as long as A;, A, ¢; = o(7).
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2. Asympotic Normality

We start with the following representation, which is easily obtained with

some simple algebraic manipulations:
~ B—-B
ViGs =0 =7 (F52) v (5) 0 = 29)

+ﬁ( _~A>S)\3+ﬁ()\g—)\).

Thus, if we show that the first three terms vanish as v — 0o, the asymptotic

(4.41)

normality of & will follow from Slutsky’s theorem and the exact normality
of A\g, i.e. \ﬁ()\g —A) ~N(0,1).

Using the lemma we can see that
\B—B]) C\y (A—/i) /Y
= < - 4.42
al ( A ST y—2c v A S v —2c¢’ ( )
thus the first and the third term in (4.41) will vanish as v, A;, A;,¢; — 00

as long as A;,A;,¢; = o(,/7) (it can be easily shown with a time-change
argument that the centralized MLE Ag is a consistent estimator of A as
v — 00).

It remains to show that the second term in (4.41) converges to 0 in probability
or —a fortiori- in mean square. Since Ag //ng — 1 as ¢; = o(v), it suffices

to show that Ex[y(Ag — As)?] — 0. Indeed, using the representation (4.13),

1t6’s isometry and the lemma, we obtain:

(-1 =7 (M 2o

{8l ] a5 ]-= 5 50

Ag S
EA[MZ  E\[M2] Ms Mg
= {( 28) 'yQS _2E>‘[ Agfys}}
_ EA4g] | E\[AS] Ms Mg
oty T S]
¥ < M
(v —2¢)? QE)‘{ Ag ]
:(7—20) +1_2E)‘{ Ag ]

(4.43)
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Thus, it it suffices to show that E) [M‘ZQ/IS} — 1. More specifically, since
Ms Mg (Ms — Ms)Ms M?
Er|[——2| =B SRS 4.44
A Ag Ag + Ex Ag] (4.44)
M2 MM =
we need to prove that Ey [A—S} — 1 and Ey [(MSAM} — 0.
S S
Indeed, using the lemma and (4.39) we have:
- Ex[As M2,  E)[As
Y Y Ag y—2c T v—2c

M2
thus Ey [Tﬂ — 1 as long as ¢; = o(7).

Finally, using Cauchy-Schwartz inequality, t6’s isometry and the lemma, we

have:
(Ms — Mg)Mg 1
< — ~ ~
B0 = g Bl — M )
1
< — Mz3)? 2 4.46
< g /EA(Ms — MR EAME] (4.46)
1

= — 20\/E)\[AS — Ag] E)\[AS]

But since As = and Ag > v — 2¢c we have As — Ag < 2¢, which implies
(MS — M3>MS 20’)’

| II<3

Ag v

P (4.47)

Thus, E) [%} — 0 as long as ¢; = o(7y), which finishes the proof.

3. Asymptotic optimality

We start by setting — for notational convenience— f(c) = 77__200 in (4.37),

which gives:

C A c) | Mg
L e o g

y—2c ~v—2c ¥ —2¢

Ag— Al < (4.48)

Taking squares in both sides we have:

|/~\§—)\!2 - C2 + A2\2 + f2(c) Mg +2C |\ + 2|\ f(c) c|Mg| +2f(c) C'|Mg|

(v —2¢)?
(4.49)

Taking expectations and using (4.39) we obtain:

C?+ AN+ f2(e) v+ 2Cc| A+ 2|A f(e) e 7+ 2f(c) C A

MSE,\(S\S) < (’Y — 20)2

(4.50)
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Since MSE)(As) =71, we have:

MSEA() = (720 T —2ep T e 451
Cecry cy3/? C~*? oy
+2|A|m +2|)\\f(c)m +2f(c) (v — 202

At this point it is clear that if we let ¢ — oo and v — oo so that ¢ = o(7),

then f(c) — 1 and the previous inequality becomes:

SEx(\a 2 2 . .
m<0(i) 0(7)+1+0(2)+0(ﬁ)+0(\%) (4.52)

Therefore, we obtain MSEA(S\S)/MSEA(AS) < lasc=o(y/7) and C =
o(y/7). But this finishes the proof since the exact optimality of As implies

MSEx(As) > MSE,(\s).

4.3 Correlated sensors

In this section we propose a modification of the D-MLE in the general case where

the sensors are correlated.

4.3.1 The Brownian case

Suppose that the sensors observe drifted correlated Brownian motions, i.e.

K
=Xt + Y oW/, t>0, i=1,... K (4.53)
j=1

We set 6; = ZjK=1 @ijbj, where aj is the (i, j)-element of the matrix (o71)'o™!

and o = [0;;]. Then, the likelihood function of A at time ¢ has the form:

K K
Z(\) = exp {AZ@- & 05320, bz-t}, (4.54)
=1 =1

and the centralized MLE of ) is:

A\ _ir.fi o Ui (4.55)
- 7 ) 2 K b .
i=1 é Zi:l 0; b;
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Thus, &,...,& remain sufficient statistics for the computation of the MLE at
time ¢, A, even if the underlying Brownian motions at the sensors are correlated;
consequently, the sensors can implement the communication scheme (4.20)-(4.21)
without any modification and the fusion center can approximate {&}} with the
process {£/} which was defined in (4.23). The only difference is that the overall
estimator of A\ at the fusion center now mimics (4.55) instead of (4.25), thus the

D-MLE becomes: K -
e = Z;rit t>0 (4.56)

Notice that in the case of independent sensors, 6; reduces to b;, r; to w; — defined

n (4.4)- and the estimator (4.55) to (4.25).

4.3.2 Correlated Ito6 processes

We now assume that the evolution of {£!} is governed by the following stochastic

differential equation

t K t '
§§:>\/ bgds+2/ cidwi, t>0, i=1,....K (4.57)
0 =170
where
bi=fil& . &), ol =gi(&L. 6, >0 (4.58)

with f; : RE - R, 9ij - RX — R being known Borel functions for each 4, j (so
that (4.57) has a unique strong solution).
Then, the likelihood function and the MLE of A at time ¢ have the following

form: «
B "~ B!
Z(\) = exp{AB; — 0.50% A} | At:AZ:%}jAE (4.59)
=171
where
B;:/ 0l det | Ag:/ 0 bl ds Za”bﬂ i=1,...,K (4.60)
0 0

and by a!/ we denote the (i, j)-element of the matrix (07 1)o7, where oy = [07].
The main difficulty in this framework stems from the fact that sensor ¢ cannot

compute the processes {A¢},{ B!} using only its local observations; it can at best
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approximate them and in order to do so efficiently it needs information about the
observed processes at the other sensors.

For that reason we suggest that each sensor ¢ communicate with all other
sensors at the times:
ol =inf{t>ot | € — 53:;_1 ¢ (-I,,Ty))}, neN (4.61)
transmitting the messages
Loifg, —¢, =T

wh = G (4.62)
0, ifgl, —¢, =-T,
n n—1

I

Using {0, w! }nen, all other sensors can approximate the observed process at

sensor 1 as follows:

Fusion .-
Center

Figure 4.11: Feedback from the fusion center

communication scheme (4.26)-(4.27) and compute the D-MLE (4.30) replacing A%,

Bf with
t t
A;:/ Bbids B;:/ bl del, t>0. (4.64)
0 0
where
l;i:fi(gtlw'-?zilagzv A§+1""étK) ) éz“:gi(gtl""??il?g?f’ A§+1"'7étK)

(4.65)
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However, the resulting D-MLE does not estimate the corresponding continuous-
time centralized MLE )\; , but its approximation

At = % (4.66)

>im1 Ai

Thus, it is clear that the between-sensor communication should be very frequent —
or equivalently the values of T';, I'; should be as small as possible— for the resulting
decentralized estimator to be reliable. However, this can increase significantly the
communication load in the sensor network. Therefore, choosing the thresholds
{T;,T;} optimally is not a trivial task and requires the introduction of criteria
that penalize properly excessive communication between sensors.

Finally, we should note that if the sensors can communicate directly with each
other, they can implement the suggested communication scheme using the 3-letter
alphabet {a, by, b1}. Indeed, sensor i will transmit to all other sensors at time o,
the letter by (bp) if wf, = 1 (w?, = 0). On the other hand, if the sensors communicate
only with the fusion center, then the messages {w?,} will be in the form of feedback
from the fusion center, in which case each sensor will need two additional letters

(since the letters by, by will be reserved for the transmission of the messages {z%}.)
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Chapter 5

Conclusions

We consider three statistical problems — hypothesis testing, change detection and
parameter estimation— under a sequential, decentralized setup. Thus, the relevant
information is acquired sequentially by remote sensors, these transmit quantized
versions of their observations to a central processor (fusion center) and the latter
is responsible for making the final decision. The problem is to choose optimally a
quantization rule at the sensors and a fusion center policy that will rely only on
the transmitted quantized messages.

We suggest that the sensors transmit messages at stopping times of their ob-
served filtrations and we propose fusion center policies that mimic the correspond-
ing optimal centralized schemes.

In decentralized sequential testing and change-detection, we prove that when
the sensors observe independent It6 processes or correlated Brownian motions,
the resulting decentralized schemes inflict bounded performance loss for any fixed
communication rate, thus they are order-2 asymptotically optimal. When the sen-
sors take discrete-time, independent and identically distributed observations, we
prove that the resulting decentralized schemes are order-1 asymptotically optimal.
In decentralized parameter estimation, we prove that when the sensors observe
independent It6 processes whose drift is observable up to an unknown, common
parameter, then the resulting estimator is consistent, asymptotically normal and

efficient (in a mean-square-error sense) even with rare communication.
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All the above decentralized schemes that we suggest induce asynchronous com-
munication between sensors and fusion center. This complicates considerably the
their analysis and requires the introduction of some new tools, such as the asyn-
chronous Wald’s identities that we prove in Sec. 2.4.4.2. However, all these schemes
can be implemented easily, they demand limited local memory and do not require
any communication between sensors.

The decentralized schemes that we suggest rely on the existence of sufficient
statistics which are observable locally at the sensors. We can always find such
statistics when we assume independence across sensors, but also when the sensors
observe correlated Brownian motions. However, apart from this special case, when
we remove the assumption of independence across sensors, it is no longer possible
to apply the same techniques.

In Sec.4.3.2, we describe a decentralized scheme that uses communication be-
tween sensors — or equivalently feedback from the fusion center— when the sensors
observe correlated diffusions (we can obtain analogous schemes for the testing or
the detection problem). Unlike the case of independent sensors, we no longer have
bounded performance loss and a detailed, rigorous analysis becomes much more
challenging. Therefore, it remains an open problem to find easily implementable,
asymptotically optimal and efficient decentralized schemes when the sensor pro-
cesses are correlated.

The ideas in this thesis could be applied with small modifications to more com-
plicated statistical problems, such as multiple hypothesis testing, change-detection
where the distribution before and after the change is not fully specified, estimation
of many parameters. Another direction of research would be to assume that the
communication between sensors and fusion center is noisy, i.e. the fusion center
may sometimes receive wrong messages. It would be interesting to propose ap-
propriate modifications of the suggested decentralized schemes and examine the
additional inflicted performance loss in this case.

Finally, whereas it is an advantage that the suggested schemes can be typ-

ically implemented with a small alphabet, it would be useful to consider more
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general schemes that can exploit larger alphabets, reducing more in this way the

corresponding performance loss.
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