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% Hypothesis testing and GLRT
? Binary hypothesis testing (fixed sample size N):
Collection of observations X=[x,...,x y]

g i fO( ); bet H d H
etween an
Hp: X ~ f1(X)3 ! !

4
f1(X) % \

Likelihood Ratio Rest (LRT)
fO(X) H

0

Optimum according to different criteria:

, Bayesian, Min-Max, Equalized
error probabilities.
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Q Composite binary hypothesis testing
Observations X=|x1,...,T ]

fOl( )7
f02( )7

fOKo (X), One subcase

responsible for
f11(X), the data

f12(X),

f1K1 (X)7 1K,
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Q If we knew before hand the two possible subcases,
., forexample: f and fi;then

flj( )H_El
fOz( ) 4

When this knowledge is not possible:

AX) _ mfu(X) + -+ Tk fik (X)
fo(X)  morfor(X) + - + Mok, for, (X)

If in addition to detection, we like to the subcase
responsible for the data X

0

P B o)

— Isolation
j=arg max fi;(X)

ISyE, GA Tech (Statistics Seminar) & EE, Columbia University : Finite Sample Size Optimality of GLR Tests

5




% Composite binary hypothesis testing (cond.)

Observations X=|z,...,T /]
Ho: X~ fo(X
Hy : X~ fl(X

. Only detection
f1(X) _ [ m1(61) f1(X]61) db;
fo(X) [ mo(fo)fo(X16o) dbo

If we like, in addition to detection to
parameter vector 0,

Axpy B e mRhlX
fo(X|6o) ﬁo 01 = arg mgaxfl(X

1
2)\
[Hlg

the

G
O) \Y |

(91) estimate
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"% Optimality of GLRT

A

Wald (1943)

Le Cam (1953)
Lehmann (1959)
Hoeffding (1965)
Neyman (1965)

optimality under regularity conditions.
As the number of samples increases without limit,

performance of GLRT approaches the optimum test
(with true parameters considered known).

ISyE, GA Tech (Statistics Seminar) & EE, Columbia University : Finite Sample Size Optimality of GLR Tests 7




Randomized tests

Binary hypothesis testing (fixed sample size N):
Collection of observations X=|x1,...,Z ]

Hy: X~ fo(X);
H: X ~ f(X); Decide between H, and H,

Deterministic tests Randomized tests

X € RN Two complementary

Two complementary sets  probabilities: §,(X),d,(X)
in RY: Ay, A, with Aj=A, with §,(X)+d,(X)=L1.

When X € A, In a select

decide for . HI, with probability §,(X).

ISyE, GA Tech (Statistics Seminar) & EE, Columbia University : Finite Sample Size Optimality of GLR Tests 8




Randomized more general than Deterministic
05(X) = 14,(X)

When X € A, then we decide with for H,

and with probability O for [, (the equivalent of a
deterministic decision).

Neyman-Pearson:

?%Xp[d = 1|H;]; subjectto P[d = 1]|Hj] <
0,01

[a00nx - A/csl ) fo(X

=/ (X)) — Mo(X)] dX
S/max{fl(X)—Afo(X),O}dX
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L (X)) = Afo(X) <O
1=~ filX) = Afo(X)=0.

hx) 2
oX) &

Likelihood Ratio Rest (LRT)

0
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Composite binary hypothesis testing
Q'
Observations X=|x1,...,T ]

fOl( )7
f02( )7

fOKo(X)a

f11(X),
f12(X),

f1K1 (X)v 1K,
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501(X) 502(X) i 50K0 (X) 511(X) 512(X) N 51K1 (X)

> i%’(X) =

i=0,1 j=1

In a random game, with probability %(X):
decide for Hypothesis H, subcase ).

Detect and Isolate
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Go1(X) + -+ + qox, (
q11(X) + -+ qug, (

0o(), 01(X), [qo1(X); - -+ s Gorco (X)), [q11 (X)), -+ -, g1k, (X))

# With probabilities d,(X),0,(X) decide between H,,H.

# Given we selected Iil;, isolate among the subcases of I,

i

with probabilities q;(X), q;o(X),..., gix, (X).
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Optimality of GLRT

Hp: X ~ f01(X)>7701
~ foz(X)ﬂTm

~ fOKo(X)77TOK0
A Combined Detection / Isolation problem
Following a Neyman-Pearson like approach, we propose
max IP|Correct-detection /isolation|H |

subject to the “false alarm” constraint

P|Miss-detection /isolation|Hy] < «
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" &% THEOREM: The test that solves the combined
detection/isolation problem is the following

1M ax leflj (X) H4

1<j<K; =
(X)) <
max. mo;fo; (X) i,

( Randomization
probability v )

Threshold A and randomization probability -y are selected
to satisfy the false alarm constraint with equality.
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Q PROOF
P|Correct-detection /isolation|H]

— Z P|Correct-detection /isolation |H;, |;;

P[Correct-detection /isolation |H;]

:/5( )i (X) fi;(X) dX

| Constrained optimization problem: Lagrange multiplier

P|Correct-detection /isolation|H |
— AP|Miss-detection /isolation|Hy|

= IP[Correct-detection /isolation |H] |
+ AP|Correct-detection /isolation|Hy| — A

ISyE, GA Tech (Statistics Seminar) & EE, Columbia University : Finite Sample Size Optimality of GLR Tests 16




|Correct-detection /isolation|H |
+ AP|Correct-detection /isolation|Hj|

1<j<Ko

+ A\ /50(X) max {7 fo;(X)}dX
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max {7 f1;(X)}

1<j<K

+6o(X)N max {m, foj(X)}} dX

1< <Ko

max {leflj(X)},)\ max {WOijj(X>}

1<j<K; 1<j<Ko
max 7y, f14(X) H,y
1<j<K; 115X >

e
12}§};(0703f03( )HO

A

If priors not known, assume equiprobable subcases:
max K, fi;(X) H, max f1;(X)

1<j<Ki

A
mMax Ko_lfoj(X) ~ max ij(X)

=
1<j<Ko sify 1<j<Ko

1<j<Ki

i

Classical GLRT
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Randomized estimators
Observations X=|x1,...,T ]

X ~ f(X]0), n(0)
We would like to obtain an estimate 6 of 6
Deterministic estimator: § = G(X)
Randomized estimator:

35(X) = 6(A|X); /5(@|X) o = 1;

How do we obtain a randomized estimate?
We generate a r.v. A distributed according to 5(@\)()

“Deterministic” A : A
SN 0(0|X) = Dirac {«9 — G(X)}
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bkt
-%ji\:-% »

m Q Optimum Bayes estimation

i If true parameter is 6 and estimate @, cost is: C(6, 6)

Select randomized estimator to

E[C(0.0)] = / / / C(6.0)5(01X) £(X|0)r(6) dX df db

_ / { / 5(6]X) { / C(6.0)F(X|0)7(6) d@} dé] e

\ 4

D, X)> min D(U, X)

> /ml}nD(U, X)dX

5(A|X) = Dirac {é — argmUinD(U, X)}
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Combined detection/estimation

Observations X=|x1,...,T ]
Hy: X ~ f(X|0=0)
H, : X ~ f(X|0), n(0)

# Decide between I, H,

* Whenever we decide in favor of [, we also like to
provide an estimate § of 6

Detection/estimation procedure: Two-step strategy

00(X), 01(X), (6] X)

ISyE, GA Tech (Statistics Seminar) & EE, Columbia University : Finite Sample Size Optimality of GLR Tests 21




Following a Neyman-Pearson like approach, we propose
min E[C(0, 0)|H]]

subject to: P[Miss-detection|Hy| < «

P|Miss-detection|Hg| = /51(X)f(X|O)dX

Cost computation

Correct Hypothesis:
///C(é,9)51(X)q(é\X)w(@)f(X\@)d@ d6 dX
Wrong Hypothesis:

/ / C(0,8)50(X )7 () F(X|0)do dX
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// C(6.0)6,(X)q(0]X)m(6) F(X|0)d6 d dX
?
L // (0,0)50(X)7(0) f(X|0)dl dX

2 [ 5100 £(X|0)ax

U

+ / 50(X) { / C(0.0)r(0) f(X\H)d@} e

+ A/dl(X)f(X\O)dX
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/ {6,(X)AF(X]0) + min D(U, X)]
1+ 55(X)D(0, X)}dX
> /min {)\f(X\O) +min D(U, X), D(0, X)} dX
; 3 We decide in favor of H; when
| D(0, X) > Af(X]0) + min D(U, X)

D(0,X) —minD(U, X) H,
The final test is: U =
<
Hyg

f(X10)

2, 40 = / C(U,0) F(X|0)x(6)d6
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Examples

MAP estimator:

- [0 for|0—0|<A<x1
CL0,0) = { 1 otherwise

Optimum test:

max 7(6) f(

0
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C(0,0) =16 — 6|

Optimum test:

£(X10) d6

2f7T

El
2)\
H

; [6m(0)f(X|0)d6
MMSE T (0) F(X(0) d6

E[0]X]
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MEDIAN estimator:

Optimum test:

/O Y 0V (X0 do
f(X10)

h
EA
[Hlg

OMEDIAN = arg 4 —
7(0) f(X|0) db

— OO

\

— arg{f : P[) < 0| X] = 0.5}
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