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Problem definition

Observations become w,
available sequentially l

XL, w— f(}a fl: '":rfL-l _— o+ . U

Y = foxe + -+ fr_1Te—rp11 + wy
:X£F+wt, — 1,2,...

P = :f[): e ,fL_l]’ System identification:
- y  Adaptively (sequentially)
ATE 27 ’*'CEt_LJFl] estimate F’
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We are given sequentially pairs {(y;,z,)} that are
related through

yt:X£F+wt? t:]_ij

{w,} is a noise sequence and F'satisfies the
following two hypotheses:

HOZFZF{] (FQZO)
H1 . F' ~ Random

Goal: between H,,H,. When
decision is H, i
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Applications include:

* Model validation of industrial systems

* Statistical analysis of structural changes

* Faulty sensor detection and identification
* Damage detection and isolation

» Water supply management
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The scalar case

Y = fx: + wy wy ~ N(0,0%)

Ho: f=0 P(Zmi%m)z

i
Hi : f”N(Mf”J?) {wt}j{mt}?-f indep.

. Stopping time, to decide when to stop
sampling
: Decision function to decide between H, , H,

. Estimator for the impulse response
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{gzt}? yf? — J{(y1:$1): SRR (ytamt)}
{ X1}, N0 L1 BTy

dr : %7 — measurable

fr : Z1 — measurable

T : {Z:} —adapted T : {%;} — adapted?

Grambsh (1983) Ghosh (1987),(1991)
Fellouris (2012)
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Detection part: (under H, or H,)
Type — | : Po(dr = 1'Z7)
Type — Il : Py(dr = 0, Z71)

Estimation part: (under H,)
When d.= 1 then estimate: fT = (fT — f)2

L [(fr — f)z]l{deu\%T]
When d;= 0 then like: fr=0 = (0—f)
E1[f*Lap—0y| 27]
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Constrained optimization

Select costs ¢, ¢, ¢, and define the following
combined cost function:

%j(T:f dT: fT) -
coPo(dr = 1|Z71) + c1P1(dr = 0| Z7)

_I_CEEI (fT = f)Q]]'{del} r le{dTIU}|‘%T

inf 7T'; subject to: € (T, dT,,fT) = 0
Tdr,fr

TEIT =1 A =] S T T
T.dr,fr T.dr,fr
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Optimum estimation

Fix 7'and d;.. Consider the auxiliary minimization:

inf By [(fr — £)*L{ar=13| 27]
fT
Optimum estimator:

fr = R-'Vr MMSE estimator!

Vi=Vii+uyxy, Ri=R;_1+ il??

Vo — ;ufcfgaj?z 0 — 02{7;2
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lui E1[(fr — )1 {ap=13|27] =

o?R71Py (dr = 1| 27)

S [fz]l{dT=0}|‘%T] ] iz-'_21“]1{a:if;p:0}|c%/f‘f
+0?R'Py (dr = 0|.27)

¢(T,dr, fr) > €(T,dr, f7)
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Optimum detection

%Q(T:f dT:?T) —
Cng(dT = 1|¢%'T) - Clpl(dT = 0|L%T)

+ c.Eq ?%]l{dT:OH%T +CEJQR;1.

Fix I'and consider the auxiliary minimization:

lé’lf {Cng(dT — 1‘¢%IT) - Clpl(dT — 0‘%{7)

+c.E1 ?% Liar=0y| 2T }
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Optimum detector:

1 it co=d@Fn {Cl -r CE%%}

dr = |
0 otherwise,
I—T — 4 eﬁRglv’lg‘_%”?g;Z

Crfﬁ./RT

Using the optimum estimator and detector yields

€(T,dr, fr) > €(T,dr, 1) > €(T, dr, fr)
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Optimum stopping time

Apply optimum detector and estimator, then

%’"(T,dT,?T) = B (c{] — Lo {(31 — cef%})_ F4,

+ 1 + co(us + o)
Define the function

g(R) — /;G;(CU 75 ° 7R [cl - CER_ZVZ} )_

2 ﬂ,E
~ g (R=23) 7 (Vopy )

X

€ 4 2 2
5 dV+Cl+CE(;Lf+G'f)
\/Q?TG'Q(R— o)
f
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Theorem:
Function &(R) is strictly in R.

It is also true that
€(T,dr,fr) = 49(Rr)

Optimum stopping time:

et = Fls i —|—CU§, P(Rt%OO) =1l

Moustakides: Sequential Detection & System |dentification, UCONN, November 2013



Summary: We sequentially observe {(y;,z,)}
Yt = fx¢ + wy

Hp : =R

Hi: f NN(Mf?CT?)

Sequentially decide between H,,H;. Whenever
decision in favor of H, estimate f. Find triplet
T, dr, fr thatsolves

inf T; subject to: €(T,dr, fr) < C
Tdr,fT
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R, =z - +z1 1 crala

Vi =y + -+ y1%1 + pyo; 20”

T :inf{t 1) g‘/?(Rt) = O}
fr :R-FIVT

0] 2 _—

|

T | {(31 —G—cﬁf'%}
0 otherwise,

dt
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Theorem:
The triplet T, dt, ft is optimum in the sense
that it solves the optimization problem:

inf 7T'; subject to: € (T, dT,,fT) <%
Tdrifad

Proof:
For any other triplet satisfying the constraint we

can write

C > % (T,dr, fr) > €(T,dr,fr) = 4(Rr)
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Vector case w,

XL, w— f(}ﬂ fl: '":r.fL-l _— - . U

Yt = X;;F-l-’u»’f;

F = [foWesr=1|
Xt — :CEt, - ,$tﬂL+1],

H(]Z F=0
H1 : FNN(MF,EF)
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C(T,dr, Fir) =
C{]Pg(dT = 1|¢%'T) + Clpl(d{‘p = Olz%.T)

- CEEI

_||FT — FI*1gar=1y + |FI*1{ar=0}| 21

inf 7; subject to: E(7, dT?FT) (s
8 ik B
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MMSE estimates
F. =R, 'V,
R; = R;_; +X:X}, Ro=0223' P;=R;"
Vi=Vio1 + X, Vo=0°S5 ur

Complexity O(L?)

Recursive Least Squares (RLS) ~ complexity O(L?)

€t — Ut m X;Ft—1 Optimum MMSE estimates
K, — P, e (Implementation of

Kalman Filter); Extremely
= 1 /(1 8Ked- ’
I JLSEAEET) fast convergence.

Fe = Fe_1 + 7eee K High Complexity, Non-
P; =P, 1 —v:K;K, robust to finite precisions
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Adaptive System Identification
Wy

|

T, w— F — Yt
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E|||E;, — F||?|; L=5

Fast initial convergence
3-4 X L
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Least Mean Square (LMS) estimates
Ct — Ui Xiﬁt—l
Ft — Ft—l + Ve Xy
Ye =2

Very low complexity (2.L).

Amazing algorithm!

Insensitive to finite precision and Robust to model
mismatch.

It is algorithm used in practice for real-time
applications.

Slow convergence; Non-optimum estimates.
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R: = X§X§ + - - FXa X Py
VAN + - - A Jzz}lﬂF

T=inf{t>0:¥9%R,) <C} A>B

P(Amin(Rt) = 00) =1 G(A) i{é’(B)

Er— R;1VT
L 3 »
|__|_ o ﬁVTIRTlvT_%F‘*}EFHLF

= e
\/|EF||RT‘ Update for determinant
{ 1 it co <Lt {01 +Ce|||ETH2}
ehp =

0 otherwise,
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Further analysis

* The function &(R)) can be computed only
numerically. This is tractable solely for the
scalar case. Obtain efficient approximations
for small constraint cost values C
(asymptotically optimal solutions for T).

" |nstead of looking for the optimum triplet,
fix a suboptimum (adaptive) estimator (e.g.
LMS) and optimize only over the stopping
time and the decision function.
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