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Why Likelihood Ratios ?
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Statistical similarity ?

Xo
For Xo, f(Xo) expresses the likelihood that Xo 
corresponds to a bird

f(X)X

X1 X2 Xn Y1 Y2 Ym

...... g(Y)f(X)X: Y:

Probability densityRandom quantity Realizations

X1 X2
... Xn

... ...

...:
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X1 X2 Xn
...

Y1 Y2 Ym...

f(X)   Cat...

...

X:

Y: g(Y)   Dog

Decision making 
Hypothesis testing 

Classification

Optimum  
Likelihood Ratio Test

<latexit sha1_base64="XvCsNZD7CoDaJhUBdAJmTNgVKTU="></latexit>
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Data Driven Estimation 
of Likelihood Ratios
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THEOREM: Assume            X  follows density f(X),       Y  follows density g(Y). 

For D(X) arbitrary function define cost
<latexit sha1_base64="zDnygfpIRYCMQ5/87XeSstUtAHg="></latexit>
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Then the solution to optimization
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Select strictly increasing function !(r) and strictly positive function ½(z)  . 
Compute Á(z), Ã(z) from

Á'(z) = ½(z),        Ã'(z) = — ! —1(z) ½(z)
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Examples	of	functions

Mean  
Square

Exponential

Cross 
Entropy
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Data	Driven	Implementation

Approximate: D(X) with neural network D(X, #), Expectations with sample means

Different !(r),  Á(z), Ã(z) produce approximation of different quality
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{X1 , X2 , ... , Xn} following f(X),      {Y1 , Y2 , ... , Ym} following g(Y) 
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Summary

<latexit sha1_base64="VKBJrOCVizTzCRyku1KCZ2NFWnI="></latexit>

Select !(`), ⇢(z), compute �(z), (z)
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Compare !�1
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to 1 to assess whether the two datasets

have the same statistical behavior or not

{X1 , X2 , ... , Xn} following f(X),      {Y1 , Y2 , ... , Ym} following g(Y) 
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decide whether X0 statistically follows the first or the second set
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Example:	Classification	Problem
From dataset MNIST isolate handwritten numerals 4 and 9 

Training set: 5500 “4” and 5500 “9”. Testing set: 982 “4” and 1009 “9”

4 mistaken 
for 9

9 mistaken 
for 4
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Generative Models
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f(X)

Is it possible to generate synthetic data (realizations Xi) that follow f(X) ? 

Begin with density h(Z):  Simple to generate realizations Zi  
Find transformation G(Z): Such that Xi = G(Zi) follows f(X)

Xi                    ZiTHEOREM: Under general conditions 
a transformation  G  exists !!!

Pair {G(Z),h(Z)} Generative model 
G(Z) Generator

G(Z)

Zi
Xi

...

NOT an easy problem even if density f(X) is known! 

X: ...
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THEOREM (Goodfellow et al. 2014): Z  follows  h(Z), define  Y = G(Z) and cost
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X  follows  f(X)      and Y  follows  g(Y)

is such that  Y = Go(Z) follows f(Y)

Z  follows  h(Z), select G(Z), define  Y = G(Z), check if likelihood ratio = 1

D(X) Discriminator                      G(Z) Generator
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Data	Driven	Implementation

{X1 , X2 , ... , Xn} following f(X),      {Z1 , Z2 , ... , Zm} following h(Z) 

Likelihood ratio D(X) approximated by neural network 	D(X, #) (Discriminator)
Generator function G(Z) approximated by neural network 	G(Z, µ) (Generator)

IF Z  follows h(Z)   THEN    Y = G(Z ,µo) follows f(Y)
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Adversarial 
Networks

Moustakides: Data driven estimation of likelihood ratios, application to GANs, Paris-Saclay, Paris, France, Feb. 2023



16

HD-CelebA (30 000 high definition images 1024 X 1024 of celebrities)

NVIDIA used progressive growing of GANs (4X4), (8X8),...,(1024X1024) 

Y of size 3 X 106, Z Gaussian vector of length 500

Example (NVIDIA)

......
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Generative Models  
vs  

Probability Densities
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Points in N-D space can be random and lie on a lower dimensional surface 
(manifold)

Example red points on sphere (2-D in 3-D space)

Points are random with coordinates Y = [y1, y2, y3] 
satisfying the deterministic equation 

Then density has the form

Dirac ±(x) generalized function is defined as

Moustakides: Data driven estimation of likelihood ratios, application to GANs, Paris-Saclay, Paris, France, Feb. 2023
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Generative model would describe the random data with input density 
h(z1,z2) and generator vector function G(z1,z2)

h(z1,z2) defined on [0,1] £[0,1] and G(z1,z2) is an ordinary function

In HD CelebA:      dim(Y) = 3 X 1024 X 1024 = 3 X 106 

Input to Generator G(Z):     dim(Z) = 500 (independent Gaussians)

Data are representable as Y =	G(Z),	Z  follows h(Z). Many datasets satisfy

Moustakides: Data driven estimation of likelihood ratios, application to GANs, Paris-Saclay, Paris, France, Feb. 2023
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Application to 
Inverse Problems
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Several image restoration problems in Computer Vision can be formulated as 
follows

Unknown parametersKnown transformation Noise

Measurement
Ideal

Inpainting Colorization Super-Res De-Noising De-Quantization

Restore
Ideal Examples of transformations

Recovering Y   from measurements X is an ill posed problem

Problem: Recover (restore) ideal  Y  from measurements  X

Moustakides: Data driven estimation of likelihood ratios, application to GANs, Paris-Saclay, Paris, France, Feb. 2023
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Inpainting

Y X

More unknowns 
than equations

Since Y = G(Z), instead of estimating Y , estimate input to generator Z  
then recover Y as the output of the generator

Classical approach: Impose “smoothness” constraints to obtain a (unique) 
solution

Because  dim(Z) ¿ dim(Y), significant computational gain and stable processing

Available generative model {G(Z),h(Z)}:   Y = G(Z)

......

Moustakides: Data driven estimation of likelihood ratios, application to GANs, Paris-Saclay, Paris, France, Feb. 2023
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Well defined optimization, computationally stable

Must take into account input density h(Z)

Generative model is a pair  {G(Z),h(Z)}

Ad-Hoc	Approaches
Select Z so that measurement X and T(G(Z)) are “close”

<latexit sha1_base64="RFdAecYh1WAmjVlId8qlsp09haY="></latexit>
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Failure
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Yeh et al. (2017), (2018)

Both methods require exact knowledge of T(Y)

<latexit sha1_base64="QM2JKJmGhdCWdKbRGK2CkwTJzMg="></latexit>
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Parameter needs tuning 
Complicated

log h(Z)

block is missing: a large portion of the loss will be from
pixel locations that are far away from the hole, such as the
background behind the face. Therefore, in order to find the
correct encoding, we should pay significantly more atten-
tion to the missing region that is close to the hole.

To achieve this goal, we propose a context loss with the
hypothesis that the importance of an uncorrupted pixel is
positively correlated with the number of corrupted pixels
surrounding it. A pixel that is very far away from any holes
plays very little role in the inpainting process. We capture
this intuition with the importance weighting term, W,

Wi =

8
<

:

P
j2N(i)

(1�Mj)
|N(i)| if Mi 6= 0

0 if Mi = 0
, (3)

where i is the pixel index, Wi denotes the importance
weight at pixel location i, N(i) refers to the set of neigh-
bors of pixel i in a local window, and |N(i)| denotes the
cardinality of N(i). We use a window size of 7 in all exper-
iments.

Empirically, we also found the `1-norm to perform
slightly better than the `2-norm in our framework. Taking it
all together, we define the conextual loss to be a weighted
`1-norm difference between the recovered image and the
uncorrupted portion, defined as follows,

Lc(z|y,M) = kW � (G(z)� y)k1. (4)

Here, � denotes the element-wise multiplication.

3.2. Prior Loss

The prior loss refers to a class of penalties based on
high-level image feature representations instead of pixel-
wise differences. In this work, the prior loss encourages the
recovered image to be similar to the samples drawn from
the training set. Our prior loss is different from the one
defined in [14] which uses features from pre-trained neural
networks.

Our prior loss penalizes unrealistic images. Recall that
in GANs, the discriminator, D, is trained to differentiate
generated images from real images. Therefore, we choose
the prior loss to be identical to the GAN loss for training the
discriminator D, i.e.,

Lp(z) = � log(1�D(G(z))). (5)

Here, � is a parameter to balance between the two losses. z
is updated to fool D and make the corresponding generated
image more realistic. Without Lp, the mapping from y to
z may converge to a perceptually implausible result. We
illustrate this by showing the unstable examples where we
optimized with and without Lp in Fig. 4.

Real Input Ours w/o Lp Ours w Lp

Figure 4. Inpainting with and without the prior loss.

3.3. Inpainting
With the defined prior and context losses at hand, the

corrupted image can be mapped to the closest z in the latent
representation space, which we denote ẑ. z is randomly
initialized and updated using back-propagation on the total
loss given in Eq. (2). Fig. 3 (b) shows for one example that
z is approaching the desired solution on the latent image
manifold.

After generating G(ẑ), the inpainting result can be eas-
ily obtained by overlaying the uncorrupted pixels from the
input. However, we found that the predicted pixels may not
exactly preserve the same intensities of the surrounding pix-
els, although the content is correct and well aligned. Pois-
son blending [31] is used to reconstruct our final results.
The key idea is to keep the gradients of G(ẑ) to preserve
image details while shifting the color to match the color in
the input image y. Our final solution, x̂, can be obtained
by:

x̂ = argmin
x

krx�rG(ẑ)k22,

s.t. xi = yi for Mi = 1, (6)

where r is the gradient operator. The minimization prob-
lem contains a quadratic term, which has a unique solution
[31]. Fig. 5 shows two examples where we can find visible
seams without blending.

Overlay Blend Overlay Blend

Figure 5. Inpainting with and without blending.

3.4. Implementation Details
In general, our contribution is orthogonal to specific

GAN architectures and our method can take advantage of
any generative model G. We used the DCGAN model ar-
chitecture from Radford et al. [32] in the experiments. The
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Success ?
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No parameters to tune

Statistical	Estimation

Following classical optimal Statistical estimation theory, in particular the 
Maximum Aposteriori Probability (MAP) method we obtain

<latexit sha1_base64="e49nLdnuKQMvdF0MV6Un7iaNUs4="></latexit>
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Can accommodate unknown 
parameters  in transformation T(Y,®)
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Blurring	with	3	X	3	mask

Examples

Yeh Asim Known UnknownY X

Colorization	(green	channel)
Yeh Asim Known UnknownY X

Moustakides: Data driven estimation of likelihood ratios, application to GANs, Paris-Saclay, Paris, France, Feb. 2023
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De-Quantization

2 levels per RGB channel, 8 colors

Yeh

Proposed

Y

X

Asim

Moustakides: Data driven estimation of likelihood ratios, application to GANs, Paris-Saclay, Paris, France, Feb. 2023



28

De-Quantization

3 levels per RGB channel, 27 colors

Yeh

Proposed

Y

X

Asim

Moustakides: Data driven estimation of likelihood ratios, application to GANs, Paris-Saclay, Paris, France, Feb. 2023



29

De-Quantization	and	Colorization

RGB ! Gray ! BW (2 levels)

Yeh

Asim

Proposed

Y

X
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Known Unknown

Data	Mixtures

Y XY ‘
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X = aY + a0Y 0
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